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Abstract

In this paper we have introduced Heptagonal fuzzy numbgyBNB) which deals with the membership
function for the set of seven numbers. Arithmetic openatguch as addition, subtraction, multiplication
and division of two HpFNs based éh™ cuts method, Zadeh’s extension principle method and|Co-
ordinate method are discussed in detail. Membership funcéien®btained for each method. Suitaple
examples and graphical illustrations are discussed forreatind.

Keywords: Fuzzy set; Heptagonal fuzzy numbers (HpF&s);cuts.
1 Introduction

Many real time situations are not crisp and they areem@io in nature, for example predicting the
performance measure of the communication systems, maibahmbdeling for the engineering problems,
biological problems and computer systems. The parametervetoh such mathematical models is not
precise as a result it leads to uncertainties and therifis vital to represent such uncertainties indistic
characterization which can be attained through fuzzy numbers.
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The fuzzy set theory was first introduced by Zadehn11965 as an extension of the classical notion of set
which deals with degree of membership of elements in a kshesntary fuzzy calculus was initially
developed by Goetschel & Voxman [2],0Operations on fuzaybers was discussed by Dubois and Parade
[3] then Atanassov generalized and introduced intuitimnisdncepts in fuzzy environment [4-10] which
deals with membership, non —membership and indetermiwaih has established intensifying attention
since after introduction. The arithmetic operations on thgtionistic fuzzy numbers discussed by Chang
and Zadeh [11]. Wang [12] furnished the definition of intuitiboisrapezoidal fuzzy number and interval
intuitionistic trapezoidal fuzzy number. Wang and Zhou [13]ettgyed the intuitionistic trapezoidal fuzzy
weighted arithmetic operator. Taleshian and Rezvani [l4tudsed a Multiplication operation on
trapezoidal fuzzy numbers, further the framework to caleutze membership degree of elements of a fuzzy
set and functions discussed by Barros et al. [15]. New adedii ranking generalized L-Rfuzzy numbers
based on possibility theory discussed by Qiupeng G and Zuxing Ku.Computational Methods for
fuzzy arithmetic operations discussed by Akther and Ah§hi{l Generalized operators for triangular
intuitionistic fuzzy numbers was discussed by Wan, Waingg Yong [18]. Further geometric aggregation
operators with intuitionistic trapezoidal fuzzy numbers dasussed by Jian Wu, Qing-wei Cao [19]. The
canonical representation on fuzzy numbers was introduced hg Peng [20].An improved method to
generalized fuzzy numbers with different left heights agtitrheights was discussed by Jiang Wen et al.
[21]. Dong and Shah [22] introduced vertex method in fuzzy numbgrsvhich the fuzzy variable
can be calculated. Some operations on Intuitionistic perdéddorzy number was discussed Ponnivalavan
and Pathinathan [23], Arithmetic operators in interval-vélfizzy set theory was discussed by Deschrijver
[24].

Fuzzy tools are also widely applied mathematical modelingefwineering and medical fields .Puri and
Ralescu [25] introduced Differential for fuzzy functiddencsik, Bede, Tar and Fodor [26] applied Fuzzy
differential equations in modeling hydraulic differentidrvo cylinders .Hassan Zarei et al. [27] applied
Fuzzy Modeling in the Control of HIV Infection. PredatoryPidodel with Fuzzy Initial Populations was
developed by Muhammad Zaini Ahmad, Bernard De Baets [28]kIBy, Feuring, Hayashi [29] developed
the solution to the first order ordinary differential eqoiasi using Fuzzy initial conditions. Seikkala [30]
discussed on the fuzzy initial value problem.Garg [31,32]eldped an approach for analysing the
behaviour of industrial systems using weakest t-norm andtiamtistic fuzzy set theory and also for
analysed the reliability of series-parallel system usirgglibility theory and different types of intuitionistic
fuzzy numbers, Later Garg & Garg [33] discussed rdiigtfAnalysis of an Industrial System using T-Norm
and T-Conorm Operations. Dhiman and Garg [34] discussddbiliey Analysis of an Industrial System
Using an Improved Arithmetic Operations. Rossell [35] intoeaLifuzzy concepts in biopolymers. Shapique
[36] applied fuzzy concepts in control chart.

Recently new fuzzy numbers are formed and its ariticnegierations were discussed by various authors. A
new and efficient method for elementary fuzzy arithmeticatns on pseudo-geometric fuzzy numbers
was briefly discussed by Abbasi et al. [37]. Arithmetperations on Pentagonal fuzzy numbers using
cuts discussed by Bongu Lee and Yong Sik Yun [38],the Arithrnogizations on parabolic fuzzy numbers
which was discussed by Garg and Ansha [#9]thmetic operations on Octagonal Fuzzy Numbers by
Malini [40], Arithmetic operations on Non-Newtonian by Kadd1].

In this paper we have introduced Heptagonal fuzzy numberBNB)pwhich will be useful to characterize
the linguistic parameter. The commonly used fuzzy numbergied}iangular fuzzy have only three values
one defining a single value estimate and other two represatgstypossible interval for the parameter. The
Heptagonal fuzzy numbers has seven numbers where the uncernaoityed in mathematical models can
be characterized by Heptagonal fuzzy numbers. This papeiotasections, in the first section we have
introduced the concept of fuzzy numbers, in the second seegt® have discussed preliminaries,
notations of the fuzzy set and some properties relatétepdagonfuzzy numbers and in third section we
have discussed the Arithmetic operations of two Heptagonay foembers based oa - cuts, Zadeh's
extension principle method and Co-ordinate method are discasskit the last section we concluded our
result.
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2 Preliminaries and Notations

Definition 2.1. Fuzzy set:

A fuzzy set is characterized by a membership functioppimg of a domain space (i.e) mapping between
universe of discourse X to the unit interval [0,1] given by

A :{(x, ()1 xO X}
Here 4, : X - [0,1]is called the degree of membership function offtizay set A.

Definition 2.2. Normal fuzzy set:

A fuzzy set A of the universe of discourse X isl@dla normal fuzzy set if there exits at- least ame X
such thatu, (x) =1.

Definition 2.3. Height of a fuzzy set:

The largest membership grade obtained by any eleméhe fuzzy set and it is given by
h(A) =sup x5 (x)

Definition 2.4. Convex fuzzy set:

A fuzzy setA :{(x, ,u;\(x))/ xd X} is said to be convex if and only if for ary x, 0 X, the membership
function of A satisfies the conditiop; { Ax, +(1-A)x,} = min{ 1, (x).4; (%)} A0 1[0,1]

Definition 2.5. Extension principle

Consider a mapping f is defined on the power s¢h@funiverse :P( Xy XX, X xXn) - P(Y), let the
fuzzy setsA, A, .....A, be defined onX,, X,,.....,X and B=f(A,A,.....A ) then the membership

Us(y) = sup X1){ mir{/,z,s1 &I, & )ty &, }}

y=f(%.%-...

Definition 2.6. Heptagon Fuzzy numbers

A HpFNs A'p =(a,a, &, a, a, g, a)is a subset of fuzzy number in R with following brenship function
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X~ & a, < X< a,
2(a, - &)
1
> a, < X< &
X~ 1, a, < x< a,
2(a4_a3)
a, - X
o (X)=4—2*———+1, 3, < x<
W= gy thasxs a
L a; < x< g
2
a, — X
a, < X< &
2(a;, — ay)
0 otherwise

Wherea, <a,<a,< 3,< < §< a and HpFN is denoted b)§g4p =(a,8,, &, 8,38, a a)

: 1
a; a3 las as | as as

Fig. 1. Graphical representation of the HpFNs
Property 2.7

a. The HpFNsA4p =(a,a, &, a, a, &, §)is said to symmetric if the product of the differenof

two set(a,, a,, &, 8,)and (a,, &, &, &) are equal. (i.e)
la.-al[a-al|a-a=[a-4|a- 4] a &

Example A, =(2,3,4,5,6,7,8)

1.00
g /\
B 0.80
5 / \
£ 0.60
< / \
g 0.40 / \\
§ 020
=

0.00

0 2 4 6 8 10

Fig. 2. Graphical representation of symmetric HpFNs
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b. The HpFNsA4p =(a,a, &, a, &, &, §)is said to non-symmetric or skewed right if

la,-a|.|a, - af.|a-a|>|a- al|a- 9|3~ §

Membership grade

o
0

o
o))

o
B

o
N

\

AN

N\

/ AN

0 5 10 15 20

o

Fig. 3. Graphical representation of non-symmetric HpFNs

c. The HpFNs A'p:(al,az,ag,% a, §,8) is said to non-symmetric or skewed left if
la,-alla-al|a-al<[a-al[a- 4|3 4

, /\
os /A

0:4 / J ‘_‘

Membership Grade

Fig. 4. Graphical representation of non-symmetric HpFNs

3 Arithmetic Operations of Two HpFNs
3.1 Arithmetic operations based on «a - cuts

Let's consider two HpFNs Aﬂp =(a,a,&,a,4a,q,8) and BHP =(b,,b,.b,,b, .k ,k ,h )whose
membership function is given as follows
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x-h

X8
2(@,-a,)’ BEXSE 2(b,-b,)’ b <x<b
%' % =X< 54 % b, < x<b
X7 & x—b,
2(a4_as)+1, B X8 2(b4_b3)+1’ bSSXS b4
W= gyt s a A s (=i s xs
%l a5 < x< aﬁ %, b5 < x< t%
a, — X b, - x
2(a7_a6)’ aGSXSa7 m, besxgb]
0, otherwise 0, otherwise
If 'Bnp and EHpare any HpFN, then thewr — cuts are given by
[A(@).A,(a))] fora0[0,0
[A]=
[A(a).A(a)] fora0[05,]
[B.(a),B,(@))] fora0[0,0.
[B.]=
[B,(@).B,(@)] foraD[0.5,]
,a0[0,0.5

:{61+2a(az-al),aq-2a(ay- a)
2@-1)@,-a)+a,.a- 2~ Da-a,).a0] 05]1

a0[ 0,0k

g = Bt2a(b,mh).b 27 (b
a0[ 05]

“|2(@-1)(b,-b,)+Db,,b- 26— 1)(R-b, )
3.2 Sum of two HpFNs by (a) - cut method
For0<a<0.5
A OB, =[A"+B A"+ B
=la+b+2a(a+b-a-b) a+ b-20(a+ b- a-by)]
If xO[a, +h, &+ b]then x=a+h+2a(a+hb- g-b))

x-a-h

— = for 0sa<05
2(a,+b,-a-b)

Thusa =
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X-a-b

If xO[a. +h,a+ b]then x=a,+b,-2a(a,+b - g-b.)thusg =—————"——
[a+ b, a+ b] ,+b, —2a(a,+ b~ a-b,) 2o h-a-b)

Foro5sas<1 A, 0B, =[ A"+ B, A"+ B
=[a, +b, +2(a -1)(a,+ b— &-b,), a+ b- 2@ - (a+ b~ 3~ b,)]
If xO[a, + b, a + b]then x=a,+b +2(a-1)(a,+ bh- a-b,)

x-a,-b,

—= = 41 ,for 0.5sa<1
2(34+b4_33_b3)

Thusa =
If xO[a, +b, &+ k] x=a,+b,-2(@-(a+h-g-b,)

Thus a :u +1 , therefore the membership function is given by
2(8.4 + b4 &~ bs)

x-3-h
2 b-a- U RTIEATE
3 2 +hs x< 8+ D

x-a,-b,

— 2 2 +l,a,+tb<x<a+
2(a4+b4_as_b3) % bz % Q
a,th,—x (3.2.1)

,L/MDBHP(X): +1,a,+bh<x<a+R

2(a;+h-a,~b)

%, ath<x<g+h
a,+b,—x

2@ +b-a-g) CIEATE

0, x<a+h,a +b < x

Thus If A, = (.8, a&,a,,a& ,a .3 and B,, =(b,,b,,b, b, ., ,b are any two HpFS thed,, 0 B, is
also HpFS anditis given by, OB, =(a+h a+h,a+ h a+t h a+r b & b & b
Example:

Let A, =(13,5,7,9,1112B, =(2,4,6,8,10,12,14hen the graph of the membership functidp O B,
is given as follows
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0.8

. /TN
wl \
7 5

0 5 10 15 20 25 30

Fig. 5. Graphical representation of the member ship function of sum of two the HpFNs

3.3 Sum of two HpFNs by extension principle method

Let A,=(a.a,a.3,,a,8.3)and B, =(b,b,,b,b b k. h)are any two HpFNs with the
membership functions

Ui (X) = su;{ r{ E ~4 + 1 a”— X, L & X ] 9
2(a,-a) 2 2(a4 &) 2a&-3a) 2a-a)

Hs (y) = SU[{mn{ 1 yh 8-y by ] §
2(b,-h) 2 2(b,~b,) 2(t},‘b) 2@7‘&)

Let A B=C, (2 =sup(minf, ()i )/ % ¥ 2

For0<sa<0.5

Hela)= Su'{ {2@ e Q)J P yzzjif‘“ c b d

- su;{mw{ /xwrzj fa,<x<a b<y<h,a< < a,b< ¥ b

,URC(Z)=SUF{ mi{Z(Z::\ﬁ) ’Z(Z:é)J Ix+ y= z}if a,<x<a,h<y<b

0, otherwise

Ifwechoosea:min[ X7a y-h ]
2(a,-a) 2(b,-h)

Thena < X74 ,a < y-h thereforeas)ﬁy_—ﬂ
2(a,-a) 2(b,-h) 2(a,+ b-3g-h)
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L _ _ X+y_q_q
S v -a- )

L

___z-a-h
He 2(a,+b,-a-h)

a+b -z

Similarly 4% (2) = 2@ +b-a-h)

For 0.5<a<1

,ULc(Z):su;{ mir{z();:_a"as)+ 1,2(3é;_qb3)+ g k+y= z] ifa<x<gh< b

U(2)= ’uRé(Z):su;{ mi{2(2:24)+ 1,2(%5__ é)+ g k+y= zj ifg<x<g.h<ywh

0,0therwise

If we choosea = min{

" +1, y-h +1j
2@;-a) 2(b,-h)

X"8 ,1,< YR

, + 1thereforea < x+y-—g—t,) +1
2(a4 - as)

Thena < <
2(b,— ) 2(a+ h-a-h)

__Xty-a-h
supg =—————+1
2(a4+b4—83—Q)

a,+h-z

— 3 41
2(a;+h-2a,-b)

L

U(2)= 2-a-h

=——= 2 +1 Similarly we can obtainy",(z) =
2(a4+b4_ &~ Q)

Hence the membership function obtained is sama.2asl].
3.4 Sum of two HpFN using co-or dinates method
We defineA0B=C=¢(A B
consider, for0<sa<0.5

X =a-2a(a-a), %= b~ 2 (b b)

X =& -20(a - &), ¥%,= b~ 2 (b~ )

Now we form the coordinate of the vertices
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¢ =(x %), 6=(%¥%) &=(%%).6=(% )

#c) = (% + %), 2(6) = (x+ %), o(e)=( %+ ¥).o()=( %+ Y

z=[ming(q).¢(c,).¢(c).@(c). maxp (¢)p (¢ )@ (6)¢ (G}

=[ae) ec)]

z=[a+b+ 20 (a,+ b,- 3= h), 3+ b~ 7 (a+ b a- ]
Collectinga we get

L — z—q—t} R - a7+b,—z
K san-a-0) " P 2@ +b - a- 1)

Similarly, consider for0.5<a<1
Where x, =2(a-1)(a,- &)+a,,y,= 2&— 1)(b— b, }+ b,
X, =a,-2@-1@s-a,),Y,= b~ 26— Db,
=% %), 6= (% ¥). 6=(% ¥, 6=( % ¥
Now ¢(c) = (% + ¥5).4(c) = ( %+ v,).8(c)=( %+ ¥.4(Q=( %+ ¥
2=[ming(¢).¢(c).¢(c).¢(c).maxp ()¢ (¢)¢ (c)¢ (g)
=[#(c,) 4(c)]
z=[a,+b+2@-1)(a- a+ b~ b)a+ b- 2¢- De- a+ b b
Collectinga we get

a0 N N
h

“ 6(2)22(a4+b4_a3_ Q)

Hence the membership function obtained is sama.2asl].
3.5 Subtraction of two HpFNs by (a) - cut method
For0<a<0.5

A()B =[A - B A"~ F ]

=la-b+2a(a+b-a-by) a- h-20(a+ b~ g-b))]

10
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If xO[a - b, a-h]then x=a -b +2a(a+b-g-b)

Thusa:& for 0sa<05
2(a, +b, — & —by)
X-a +h
If xO[a. -b,a-hlthenx=a,-b-2a0(a,+b-a-b)a=— " =
xO[a, ~ by, 3 - ] R P

For 0.5<a<1

A(-)B, =[ A" - B’ A"~ § |
=[a,-b,+2(@-1(a+h- a-b,), a- b-2@-1)(a+ b~ a- by

If xO[a, - b, a,- b]then x=a,-b+2(@-1)(a+ k- a-b,)

Thusa:L-'-b“+
2(@,+h-a-D,)
Similarly If xO[a, - b,, & - b]thenx =a, -b, -2(a - 1)(a + b,— g, b,)

_ X—g +h,

g=————>—+] for 0.5sa<1
2(a4+Q—85—b4)

Therefore the membership function is given by

__X—a+*b Cbo<x<a-
26, +b-a-b) hEx<a-h
3 a,-Bsx<a-h
—X_a“+b“ +1 -h < x< g -
2(a4+b5_33_b4) % hs_ =& b;
_ x—-a,+b
'uﬁup(*)ﬁnp(x) - 2(a, +hb, - 354_ b4)+1’ a-bs<xsa-h (3.5.2)
3 a-bsxsa-b
_ X~&+h b x<a-
2@ +h-a-b) bE X<l
0, Xx<a-b,a,-b<x

Thus If A, =(a,a,a,3,,a,a .3 and B,, =(b,,b,,b,,b, .k .y .y are any two HpFS the, (-) B,
is also HpFS and itis givety A, (-)B,, =(3-b.a- R a-ha-h a h g b & b

11
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Example:

Let A'p:(l,4,5,9,11,14,15)and BHp =(2,3,7,10,12,16,18pe ant two HpFns then the graph of the

membership function§|p(—) EHP is given as follows

N
o AN
(o2} C%D
/ i

/

(o)

(o]
N
I/

membership Grade
N\

N
[e»]
[e=]

-6 -12 -8 -4 0 4 8 12 16

N
o

Fig. 6. Graphical representation of the member ship function of subtraction of two the HpFNs

3.6 Subtraction of two HpFNS by extension principle method
Let A(-)B=C where 1,(2) =sup(min@; )i ())/x= y= 2)

ForO<a<0.5

U.(2)= sup[mu{z(a2 ) 2(b6 b;)j Ix—y= z]|fq< X g,ps ¥ b

sup{mir(—,— /x—y:zj fa<sx<ag,hs y« h,as x g, kx ¢ p

wr(2= su;{mlr{z(a “a) 2(b bl) Ix=y

U (2) =

%W%<x<%q<y<q

0, otherwise
If we choosemin[ X74 , y=b j:
2(@,-a) 2(-b)
X74 ,a < y=b thereforeasw
2(62 a)  2(-b) 2(a-h-a+ h)
L — z-3+h
H e n-ar)
Also by applying same technique we fipd,(z) = #—;}l—b)

12
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Similarly for 0.5<a <1

,ULc(Z):su;{ mir{z(z:_a"as)+ 1,2(%5__ é)+ 9 k-y= zj ifa<x<g s b

He(2) = ﬂRE(Z)=sun[ mi{Z(Z‘;:);)+ 1,2(3é:_qb3)+ﬂ k-y= zj ifa<x<g.hs wh

0, otherwise

By using above procedure we find

L()_ Z_a4+q

U.(z +1and 4~ (2) = 2-a+h +1

" 2(a,+h-a-b) 2(a, +b,-a,-b,)
Hence the membership function obtained is sam8.84l§.
3.7 Subtraction of HpFNs using co-or dinates method
We defineA(-)B=C=¢(A B
considex =a - 2 @&-a )%= - 2 (- b ., =& -20(a, - &), ¥,= b, 2r (b~ )
Now we form combinations
¢ =(% %) 6= (% %) & =% %), &= (% %)
@c) =(x - %)) =(x- v).o(c)=(%" W.e(d=( % Y
z=[ming(q).9(c,).¢(c).¢(q). maxp (¢ )¢ (¢ )¢ (s)e (¢}
z=[¢(c,).¢(c)]
z=[a-b,-2a(a+b,- a-b) a-b- 2 (a+ b~ - b
Collectinga we get

L

e ZTA*b o x-a+h
K= h-a+rn) P G b-a-b)

Similarly we can find
z=[a-b+(2a-1)(a+h-a-h), a- h-(@-1(a+ b g b

L - z-3th R — z-3,+h
K parn-a-0) 4" P G n-a-0y) "

13
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Hence we notice that subtraction of two HpFN isimgaHpFN.

3.8 Product of two HpFNs by (a) - cut method
For 0<a<05
A OB, =[A"B" A" B’]
=[{a+2a(a,-a}{b+2a(b,- 0} {a- 2 (3~ a}{ b 2 (b7 b)]
If xO[ah, ab]thenx={a +2a(a, - a)}{ h+2a (b,- b}

2ab-ahb-abty f()
4(ab-ah-ab+ ab)

Thusg =

If XD[a6+ by, a + b/] then x ={a7 -2a(a; - ae)}{b7_ 20 (b,~ be}

2a;b, - ah- gbxy (3
4(agh, - &~ ab+ ab)

Thusa =

Where.f,(x) =(a,h)’ ~2aa,hb+(ah)’ +4(ak- 3k ab 3

f,(0=(ah) -2aahbb+(ab)’+4(ak- ak ab ab

For 0.5sa<1

A, OB, =[A'B", A" B|

=[{2@-D@ -a)+a}{26-DhO-b b} { &~ 2~ D&-a | b A- D b})
If xD[a3+ b, a, + q]then x={2(a—1)(a4 -a)+ a4}{ 20 - 1)(b- b, } b4}

4a;b,-3a,b, - 3a b+ 2a,ht £(%
4(ab, - a,b,- ab+ ah)

Thusa =

Similarly If x0O[a, + b, a+ k] thenx ={a,- 2@ - 1)@; - a, }{ b,- 26 - 1)(k-b,)

q= 2a4b4_335b4_3aat%+ 435Qi\j E(@
4(ab,—ab- ah+ ah)

Where

f,(0=(ab)’ -2aabh+(ah)’+4(ak- ak ab ab

14
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f,(0) = (ab,)" -2a,abh+(ak)’+4(ab- ab ab abh x

Therefore

luAHngHp (X) =

2ah-ah-ab+y (3

4(ab-ah-ab+ azg)’ ab < x< ab
%, a,b, < x< al
4a,b,-3a,b,-3a b+ 23 b+ £() .
a(ab-ab-an+ an) 2 SXE AR
2a,b,-3a,b- 3a b+ 4a - £
4(a,b, - ab- ah+ ahb) b, < x< ab,
%’ ash < x< g h
22,0~ 2y~ b= 1)
4(ah, - ah- ab+ ah)’ ah < x< ab
% otherwise

(3.8.1)

Thus If A, =(a,8,a,a,,a,a .3 and B,, =(b,,b,,b,,b, , .l .|y b dre any two HpFS thed,, 0 B, is
also HpFS and itis given by, 0B, =(ah,ah, ak ah ab ah abh

Example: Let &p = (2,4,6,8,10,12,14BHp =(1,3,5,7,9,11,13hen the graph of the membership function

A, OB, is given as follows

N /\
Y ESEVASD.\

0'4 I_/ \—_\

o

\

=

0 50 100 150

Fig. 7. Graphical representation of the member ship function of product of two the HpFNs

15



Shapique; ARJOM, 2(5): 1-25, 2017; Article no.ARIGM78

3.9 Product of two HpFN using extension principle method:

Let AD B= C where 1, (2) = sup(min; X)4s (¥))/xy= z)

ForO<a<0.5
1o SU'{ {z<a2 e mj /x.y:zjiqu < abs b
1(2) = su;{mir{— ,—j /xy:zjifazs x<ag,hs w b,a< x g, kx ¥ P
u(2) = su;{mlr{ & X j/x.y: zJifaesxsawas y< b
2(a; — & )2(b7 k)
0, otherwise

If we choosea = min{

x-a  y-h j
2(a,-a) 2(b,-h)

X~& a< y-h henceg? < — 2 el
2@,-a) ~ 2(b,-h) 2(a,- a)2(b- )

Thena <

xy-xQ- ya+ ab24a*(g- b, bh

4a°(a, - a)(b,~ )+ 20 (b, (8,- a)+ a (b~ b))+ ab- = C

_2ab-ah-abs (@
4(ah-ah-ab+ ah)

2ah-ahb-ab+y {(2)

Therefore /', (2) = supa = 4(ab-ah-ab+ ah)

Where f,(2) = (a,b)* - 2a,3,hb+( ab)’+4(ab- ab- ab aBhz

du-.(2) _ f(2)
dz  2/f,(2)(ab-ah-ab+ ah)

>0

Where f,(2) = 4@,b - a,h - ab+ ab)

We note thatw is both increases and decreases in (0, 0.5)
z

Similarly If we choosea = min[

& —X bz_y j
2(a, —a;) '2(b, - )

16
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2a;b, - a,h- ab-4 f,(2)
4(agh, —a,b,— a b+ ah)

1 (2) = supa =

Where f,(2) = (a,b;)" - 2a,a,b,b+( ah)° +4(ah- ak- abr abhz

du’<(2)

] <0 decreases in (0, 0.5)
z

Hence

For0.5< x,y< 1

U(2) :sup{ mir(z();:_a“as)+ 1’2(313;—1)-* ﬂ Ky = z] ifa<x< g hs ¥ B

He(2) = ﬂRE(Z)=SU;{ mi{Z(Z:;)”’z(z:éf g ky = zj ifa<x<g.hs b

0, otherwise

x-3, .. y-h +1j

If we choosea = min{ ,
2(,-3) 2(b,-b)

a:min[ X7 & +1, y-h +1JThenas X734, +1,a< y-h +1
2(,-3%) 2(h-b) 2(a, ~a) 2(b,- )

AIsoazs{ X~ +1J[ y-h +1j
2(a, — &) 2(b,- b)

(x=a)(y-b) +2(x- a)(h - B)+2(y- b)(a,~ a)+ 4(a- a)(l- bR 4° (ar a)(- b

Solving above equation we get

. c4ab-3ab-3ah+ 230t @)
4(a,b, - a,b,- a+ ah)

Where f,(x) = (a,b)* -2a,abh+( ah)’+4(ak- ak ab abhz

4a,b, —3a,b - 3a,b+ 23 b+ £(2)

Therefore ", (z) = supa = a(ab,-ab- ah+ ah)

2a4b4_3asb4_334k%+ 4%Q_\/ fs()g
4(a4b4_35b4_ a4b3+ %Q)

Similarly we can show thati®_(z) = supa =

17
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Where f,(x) = (ah,)’ -2a,abh+( ak)’+4(ah- ab- ab ab

V)
> OandM
dz

L
Hence we note th 'udC(Z) < 0 increases and decreases respectively in (0.5, 1)
z

Hence the membership function is given by equaBa.1)
3.10 Product of two HpFNs using Co-or dinates method
We define A0 B=C=¢(A B
Where the ordinates are given by
X =a-2a(a,-a) %= b2 (b, b)
X, = a,—2a(a,~ &), ¥, = b~ 21 (b~ )
Now we form coordinates
6= (%) &= (06 %) & =06 %) 6= (% %)
#c) = (60).@(e) = (X ¥).e(&)=( % ¥).¢()=( %Y
Where ¢/(c,) <#(q) <¢(c,) <¢(c)
z=[ming(q).9(c,).¢(c).¢(¢). maxp (¢)p (¢ )¢ (s)e (¢}
z=[p(q). 0(c)]
z=[{a+2a(a-a}{ b+2a(b,- b} { a- 27 (3- a}{ b7 Z (b7 B)]
Now consider
% =2@-D@,-a)*a,,y= 26~ Dh-b )b
X, =a,~ 2@ -Des-a,).Y,= b~ 26— (- b, |
G = (% %), 6= (% %) ¢=(% %, 6=( % ¥
Now ¢(cs) = (%, ¥5).4(c) = (% ¥.) . #(c)=( % %).#(D=( % V)
z=[ming(g).#(c).4(c).¢(c).maxp ()¢ (c)é (c)¢ (]

z=[¢(c).#(c)]

z=[{2(@-D(a-a)ra}{20-Dh-b )} b} { a~ 2- D&~ a}f b 2~ L b})

18



Shapique; ARJOM, 2(5): 1-25, 2017; Article no.ARIGM78

Hence we arrive product of two HpFN is another HpFN

3.11 Division of two HpFNs by (a) - cut method
For 0sa<05

A (B, =[A"I B, A" B ]

{aﬁZa(az- a) & -2a(a - ae)}
b,~2a (b,~b,)" b+ 2 (b b,)

If xO(a,/b,,a,/b,) ,thenx=2+2d(8~3)

b7_2a(b7_be)
Thusa = 3~ bx
2@, -a,+hx-by
— _a-20(-&) - 3 ~BX
Similarly if xO[a, / b,, & / ] then x—m , we gaa_—z(aﬁ—a7+t1x— b3

For 0.5sa<1

A (B, =[ A"/ B, A" B ]

:{Z(a—l)(@ —83)+ & a- 26 - 1)65— a, ):|
b4_2(a_1)(bs_b4)’ 2@'_ 1)(bt_ b3 )" b4

2@-1)@,-&)+a,
b, 2(@ - 1)(b-b,)

If xO[a,/ b, a,/ b] thenx=

2a,—a,+bx-20 x
2(3;-a,+bx-1%

Thusa =

a,-20-De;-a,)
2(a-1)(b,—b,)+ b,

Similarly if xO[a, / b,, &/ b] thenx =

a, —2a,+ bx—hx
2(a, —a;+hx- B

We get a =

Therefore
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'uinp(/)énp(x) =

Thus If A,

a8~ bx
2@, -8 +hx- by
1
>’
2a,—a,+ b x-2h x
2(33_a4+b4x_l%>9
a, —2a,+ 2b,x- b x
2(a, ~ag+bx- b;>9
1

5’

a,—bx

2@ -a +hx- by
0,

=(a.,a,a,3,,&,a .3 and B, =(b,,b,,b;,

,a/b<x<all

a,/b<x<alh
, 8 /< x< g/ h
a,/b<x<alh
a; /b<x< g/ b

, 8 /b, sx<alh

otherwise

(3.11.1)

b, .k .§ . are any two HpFS thed,, () B, is

also HpFS and it is given iy, ()B,, =(a/b,a/h,a/ b a/ b a/ h & b & b

1.00

0.80 \
0.60

0.40 \

NS

0.20

\

\

0.00

0.00 5.00

10.00

15.00

Fig. 8. Graphical representation of the member ship function of division of two the HpFNs

3.12 Division of two HpFN by extension principle method

Let A(/)B = C where y(2) = sup(min@; x); () [ x/y)=

ForO<a<0.5

H(2) =

7N

U(2)= sur{mu‘(z(a2 =) 2(1:15 m}{ J Zjlfai<x<a2 R< y<
p[mlr(

(2= sup{mu’( & X
2(a; — &) 2(b b)

0, otherwise

Zjlfaz<><<33 b<ysh,gs ok g,bs ¥ P

J/( j Zjlfaﬁ<x<af h< y< b
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If we choosemin[ X7a y=b j:
2(a,-a) 2(-b)
X
A Z i ,since[fJ: z
2(32 31) Z(Q‘bz) y
therefore 8-z
2(a,—a,+hz- t;z)
4 (2) =supa =—— A= DZ

23 -a,+hz-hz)

a-bz
2(a,-a,+hz-Q2)

Similarly *.(2) =supa =

For 0.5<a<1

U (2)= su;{ {2(4 a3)+ Z(Q-_Z) g/x—y:zJiqu X< g Qs b

|fa<x<a3b2<y<t§65<><£%|9< ¥ b

U(2) = su;{ mu{z(a5 a4)+ 1,2({):_1)+ 3 k-y= z] ifg < x< g ks b,

0, otherwise

H:(2) =

By using above procedure we find

2a,—-a,+bz-2hh z
2(3;-a,+bz-Q2)

4 (2) = supa =

a,-2a+bz-RQz
2(a,-a+hz-h2)

K"(2) =supa =

Hence the membership function is given by equafohl.1)

3.13 Division of two HpFN by coor dinate method
We define A()B=C=@(A B

The ordinates are given by

21



Shapique; ARJOM, 2(5): 1-25, 2017; Article no.ARIGM78

x =a-2a(a,-a), y=b~-2r (b, h)
X, = a,—2a(a;~ &), ¥, = b~ 21 (b~ )
Now we form co-ordinates
¢ =(% %) 6= (% %) & =% %), &= (% %)
#c) = (x/ %).9(c)=(x/ %).e(e)=( %/ ¥).o(=( %y
z=[ming(q).9(c,).9(c).0(c).maxp (¢ ) ()@ (¢)¢ (g}

z=[¢(c,), 9(c)]

Z{aﬁZa(az—al) a7—2a(a7-aﬁ)}
b7_2a(b7_be), b+ 2r (b-b,)

Similarly we can find that

Z{2(a—1)(a4—a3)+a4 a- 2~ Dos-a, )}
b,~2(@-1)(B-b,)" 2@~ 1)(b-b; )} b,

Hence the membership function is given by equafohl.1).

4 Conclusion

In this paper, we have introduced Heptagon fuzaylmers which deals with the membership function of
seven numbers, the four arithmetic operations basedcuts, extension principle, and co-ordinate method
were discussed and corresponding membership funscice obtained .The membership function obtained
by these methods are same which validate our se$hkt above concepts can be extended to intuitionis
and generalized fuzzy numbers. Further HpFNs caagmdied in various engineering and mathematical
sciences.
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