Asian Research Journal of Mathematics
2(4): 1-15, 2017; Article no. ARJOM.31288
ISSN: 2456-477X

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

On the Convergence of Gauss-type Proximal Point
Method for Smooth Generalized Equations

Md. Asraful Alom*? and Mohammed Harunor Rashid!

1Department of Mathematics, University of Rajshahi, Rajshahi-6205, Bangladesh.
2Depcm§ment of Mathematics, Khulna University of Engineering and Technology, Khulna-9203,
Bangladesh.

Awuthors’ contributions

This work was carried out in collaboration between both authors. Author MAA gathered the initial
data, helped to literature searching, managed the analysis of the study and drafting the article.
Author MHR designed the study, created the idea to develop a mathematical algorithm and
designed a methodology for programming and interpreted the results. Both authors read and
approved the final manuscript.

Article Information

DOI: 10.9734/ARJOM/2017/31288

Editor(s):

(1) Dijana Mosic, Department of Mathematics, University of Nis, Serbia.

Reviewers:

(1) Abdullah Sonmezoglu, Bozok University, Turkey.

(2) Nihal Tas, Balikesir University, Turkey.

(3) Tatyana A. Komleva, Odessa State Academy of Civil Engineering and Architecture, Ukraine.
(4) Abba Auwalu, Near East University, Nicosia TRNC, Turkey.

(5) Neetu Sharma, Maulana Azad National Institute of Technology, Bhopal, M.P., India.
(6) Luis Angel Gutierrez-Mendez, Emeritus University Autonomous of Puebla, Mexico.
Complete Peer review History: http://www.sciencedomain.org/review-history/17879

Received: 29" December 2016
Accepted: 6" February 2017
‘ Original Research Article Published: 17" February 2017

Abstract

Let X and Y be Banach spaces and €2 be an open subset of X. Let f : X — Y be a Fréchet
differentiable function on Q and F : X =3 2¥ be a set valued mapping with closed graph. We
deal with smooth generalized equations which is defined by the sum of Fréchet differentiable
function and a set valued mapping. Under some sufficient conditions, a Gauss-type proximal
point algorithm (G-PPA) is introduced and studied for solving generalized equations of the
form 0 € f(z) + F(z). Indeed, when F is metrically regular we analyze semi-local and local
convergence of the G-PPA. Furthermore, we give a numerical example to justify the convergence
results of the G-PPA.
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1 Introduction

Let X and Y be Banach spaces. We are involved with the problem of seeking a point x € Q C X
satisfying

0€ f(z) + Fla), (L1)
where f : X — Y is a Fréchet differentiable function and F : X = 2V is a set valued mapping with
closed graph. Robinson [1, 2], introduced the generalized equation (1.1) for f = 0, as a general
mechanism for describing, analyzing, and solving different problems in a unified way. Such kind
of problems have been reviewed broadly. Various examples are system of inequalities, variational
inequalities, linear and nonlinear complementary problems, system of nonlinear equations, equilibrium
problems, etc.; see in [1, 2, 3].

It is clarify that when F' = {0}, (1.1) is an equation. When F' is the normal cone to a convex and
closed set in X, (1.1) performs variational inequalities. When F' is positive orthand in R™, (1.1) is
a system of inequalities.

Different iterative methods have been presented for solving generalized equations such as Newton-
type method, proximal point method, etc.; see in [4, 5, 6, 7]. The proximal point algorithm (PPA) is
one of the most useful method for solving (1.1) in the case f = 0 and Y = X a Hilbert space. About
the root of PPA can be known in the works of Martinet [8] for variational inequalities. This PPA
has been further polished and spread out in [3, 7, 9] to a more general framework, including convex
programs, convex-concave saddle point problems and variational inequality problems. Rockafellar
[7] earnestly analyzed the PPA in the general structure of maximal monotone inclusions.

Let D(Ak,x) denotes the subset of X for all x € X and for some sequence of positive numbers A,
which is characterized as follows:

D, z) = {deX:OeAkd+f(:r+d)+F(1:+d)}. (1.2)

Dontchev and Rockafellar [10] planned the following proximal point algorithm for solving (1.1):

Algorithm 1 (PPA)
Step 1. Let g € X, A > 0 and put k£ := 0.
Step 2. If 0 € D(Ag, xx), then stop; otherwise, go to Step 3.
Step 3. Put {\x} € (0,A) and if 0 ¢ D(Ag, xx), choose dj, such that d, € D(Ag, zk).

Step 4. Write g1 = xf + dp.
Step 5. Set k by k+ 1 and go to Step 2.

Note that, for a starting point near to a solution, the sequences generated by Algorithm 1 are not
uniquely defined and not every sequence is convergent. Under certain conditions, Dontchev and
Rockafellar [10, Chapter 6] showed that there exists one sequence {x,} generated by Algorithm 1,
which is linearly convergent to the solution. Hence, from the aspect of mathematical estimations,
this type of methods are not agreeable in mathematical utilizations. This barrier inspire us to
nominate a method ”so called” Gauss-type proximal point algorithm (G-PPA). The difference
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between the Algorithm 1 and our proposed Algorithm 2 is that the G-PPA generates sequences,
whose every sequence is convergent, but this does not happen for the Algorithm 1.

Algorithm 2 (G-PPA)
Step 1. Let n > 1, xp € X, A > 0 and put k£ := 0.
Step 2. If 0 € D(\g, xx), then stop; otherwise, go to Step 3.
Step 3. Put {A\x} C (0,A) and if 0 ¢ D(\g, ), choose di, such that d, € D(A\g, z)
and ||dg|| < n dist (0, D(Ag, xk)).
Step 4. Write xp1 := xp + dk.
Step 5. Set k by k+ 1 and go to Step 2.

We detect from the Algorithm 2, that

(i) if n =1 and D(\g, xx) is singleton, Algorithm 2 matches with the Algorithm 1. For solving
the generalized equation problem (1.1), Dontchev and Rockafellar [10, Chapter 6] established
only the local convergence result. On the other hand, we have established both semilocal
and local convergence results for solving (1.1).

(i1) if Axu = gr(u) a sequence of Lipschitz continuous functions, F' is the normal cone mapping
and Y = X™ a dual Banach space of X, Algorithm 2 is identical to the Gauss-type proximal
point method for variational inequalities, which has been introduced by Rashid [3]. In this
case our Theorem 3.1 is identical with the result given by Rashid [3, Theorem 3.1].

(iii) if f =0, and Y = X a Banach space, Algorithm 2 is equivalent to the Gauss-type proximal
point method, which have been introduced by Rashid et al. [11].

(iv) if Apu = gr(u) a sequence of Lipschitz continuous functions and f = 0, Algorithm 2 is
comparable to the general version of Gauss-type proximal point algorithm, which have been
introduced by Alom et al. [4].

There have been investigated many effective works on semi-local analysis for some special cases such
as Newton method for nonlinear least square problems (cf. [5]), the extended Newton-type method
for solving variational inclusions (cf. [12]) and the Gauss-Newton method for convex inclusion
problems (cf. [13]). For seeking the solution of (1.1), Rashid et al. [6] introduced the Gauss-
Newton type method and achieved the semi-local and local convergence results. In his sequential
paper [3], Rashid introduced the Gauss-type proximal point method for finding the solution of
variational inequality problem and obtained the semi-local and local convergence results. In recent
time, Alom et al. [4] have been presented the general version of Gauss-type proximal point algorithm
for solving (1.1) in the case f = 0 and analyzed the semi-local and local convergence results. To
the best of our knowledge, there is no study on semi-local analysis for solving (1.1) by using the
Gauss-type proximal point method. Thus, we conclude that the contributions, presented in this
study, seem new.

In this study, our ambition is to evaluate the semi-local convergence of the G-PPA defined by
Algorithm 2. The vital apparatus in our study are the metric regularity property, which was
introduced by Dontchev and Rockafellar [14], and Lipschitz-like property for set-valued mappings,
whose concept was introduced by Aubin [15, 16]. Our fundamental results are the convergence
principle, entrenched in section 3, which, based on the information around the initial point, provide
some sufficient conditions assure the convergence to a solution of any sequence generated by
Algorithm 2. As a consequence, local convergence result for the G-PPA is achieved.

The content of this paper is arranged as follows: In section 2, we recall some significant notations,
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concepts, some preliminary results and also recall a fixed point theorem which has been proved
by Dontchev and Hager (cf. [17]). This fixed-point theorem is the vital mechanism to prove the
existence of any sequence generated by Algorithm 2. In section 3, we consider the G-PPA, which
is introduced in this section, as well as the concept of metric regularity property and the Lipschitz-
like property for set valued mappings to show the existence and the convergence of the sequence
generated by Algorithm 2. To verify the convergence results of the G-PPA, we give a numerical
example in section 4. In the last section, we give a summary of the main results obtained in the

paper.

2 Notations and Preliminary Results

In the whole section, let X and Y be Banach spaces and let F' be a set valued mapping from X into
the subsets of Y, defined by F : X = 2¥. The graph of F is defined by the set gphF := {(z,y) €
X XY :y € F(x)}, the domain of F is defined by domF := {z € X : F(x) # 0} and the inverse of
F is defined by F~'(y) := {x € X : y € F(x)}. By B.(x), we denote the closed ball centered at x
with radius r.

All the norms are denoted by ||-||. The distance from a point z to a set B is defined by dist(z, B) :=
inf{||z — a|]| : @ € B} for each z € X, while the excess from a set E to the set B is defined by
e(E, B) := sup{dist(z, B) : ¢ € E}.

The concept in the following definition of metric regularity for a set valued mapping is taken from
[[11]], and has been studied extensively; see for examples [9, 10, 18], and the references therein.

Definition 2.1. Let F : X = 2¥ be a set-valued mapping and (Z,5) € gphF. Let rz > 0, ry > 0
and k > 0. Then F is said to be

(i) metrically regular at (Z,) on B, (Z) xB, (§) with constant & if for all x € B, (T),y € B, (¥)
dist(x,Ffl(y)) < k dist(y, F(2)).

(i) metrically reqular at (Z,y) if there exist constants vy > 0, ry; > 0 and &’ > 0 such that F is
metrically regular at (%,7) on B,, (Z) X B, (%) with constant k’.

From [3], we recall the definition of Lipschitz-like continuity for set-valued mappings. This concept
was introduced by Aubin [16] and has been studied extensively; see for examples [11, 14, 18] and
the references therein.

Definition 2.2. LetT': Y = 2% be a set-valued mapping and let (y,%) € gphl'. Letrz > 0,75 >0
and M > 0. ThenI' is said to be Lipschitz-like at (y,Z) on B, (y) x B, (Z) with constant M if for
any yi,y2 € B, (), the following inequality hold:

e(T(y1) N Bz (2),T(y2)) < Mllyr — w2l|-

The equivalence relation between metric regularity of a mapping F' and the Lipschitz-like continuity
of the inverse F~!, which can be seen in [9, 11], is given as follows:

Lemma 2.1. Let F: X =2 be a set valued mapping and (Z,7) € gphF. Let vz > 0, ry > 0 and
k> 0. Then F is metrically reqular at (Z,y) on B, (Z) x B,,(y) with constant x if and only if its
inverse F~' 1Y = 2% is Lipschitz-like at (§,%) on B, (7) x B, (Z) with constant k, that is, for all
Y,y € Bry(9),

e(F~ (y) NBr, (2), F7(y)) < wlly —¥/'||-

We finish this section with the following lemma. This lemma is known as Banach fixed point lemma
which has been proved by Dontchev and Hagger in [17].
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Lemma 2.2. Let 1) : X = 2% be a set-valued mapping. Let o € X, 7 € (0,00) and o € (0,1) be
such that

dist(0, $(10)) < (1 — ) (2.1
and for any x1, 2 € By (o),
e((z1) NBr (o), Y(z2)) < aflzr — 22| (2.2)

Then ¢ has a fized point in B.(no), that is, there exists x € Br(no) such that x € ¥(x). If ¢ is
single-valued, then there exists x € By (no) such that x = ¢ (z).

3 Convergence Analysis of the G-PPA

Suppose X and Y are Banach spaces. Let f: X — Y be a single valued function, which is Fréchet
differentiable on Q@ C X, and let F : X = 2¥ be a set valued mapping with closed graph. Let
rz >0, 75 >0, v >0 and k > 0 be such that vk < 1. We define

*

T o= max{

2rz + Kkry 2vurz +ry } (3 1)
1l—ve ' 1—-wk J° '
From (3.1), it is obvious that rz < r* and rz < r”*.

To establish our main result, we need the following lemma:

Lemma 3.1. Let F : X = 2V be a set valued mapping which has locally closed graph at (Z,§) €

gphF. Let r* be defined by (8.1). Let F be metrically regular at (Z,5) on By (Z) X By« (g) with

constant k. Let f : X — Y be Lipschitz continuous on B,«(Z) with Lipschitz constant v and

f(Z) = 0. Then the mapping f + F is metrically regular at (Z,y) on By, (Z) x By, () with constant
K

1—vkK’

Proof. According to our assumption on F', we obtain
dist (:c,F_l(y)) < k dist (y, F(ﬂc)) for all x € B,«(Z), y € B« (7).
For all z € B, (%) and y € B, (), we will show that

dist(ac, (f+F)*1(y)) <

~—1—-vk

K

dist (y, (f+ F)(:c))

To complete this, we will proceed by induction on k and verify that there exists a sequence {zx} C

B« (Z), with ¢ = x, such that, for k =0,1,2,..., satisfies the following assertions:
Thi1 € F 7y — f(an)) (3-2)
and
[Zrsr — @]l < (vr)* a1 — =]|. (3.3)

It is obvious that (3.3) is true for kK = 0. From the second condition in (3.1), we get 2vrz + 1y <
r*(1 — vk) and since vk < 1, so (1 — vk) is positive, and hence 2vrz + ry < r*. This implies that
vrz +ry < r*. Thus, for all z € B,, (%) and y € B, (), we have

Iy = f(=)) — gl ly =9+ 1@ = f@) < 1f (@) = f@)I + lly =7l
vie =2l + lly —gll S vrs +rg <77 (3-4)

IN

This implies that y— f(x) € B« (7). Since F has locally closed graph, there exists ;1 € F~*(y— f(z))
with 2o = x and it shows that (3.2) is true for kK = 0. Again, since F' is metrically regular, we obtain

1 — 2| < dist(@F*l(y - f(m))) <k dist(y, (f + F)(ac)). (3.5)
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Also,
v =2l = a2 +2—al < o~ 3l + |2 — o] < o+ dist (2,5 (y — F(2)
< et dist(y— f(@), F@)) < s+ rlly = 7] +#l @) = F@)]
< 13+ kryg+vkrs = (1 + vk)rz + kry. (3.6)
Hence
lzr = Z|| < |lz1 —z|| + |z — Z|| < A+ vK)rs + kry + 15 = (2 4+ vR)rs + Kry. (3.7)

Since vk < 1, we have from the first condition in (3.1) that

2rz + KTy <

2 x 1y
2+ vK)rz + kry < T

Thus, from (3.7), we have
lz1 — Z| < 7™

This implies that z1 € B,«(Z). By using (3.7), we get

[y =F@) =gl = lly—9+f(@) - fle)l <lly =gl + £ (z1) = F(@)]
< My =gl +vlz =2l < rg +v[(2 4+ vR)rs + gl
= 2urz +ry+ve(vrz +ry). (3.8)

From the second condition in (3.1), we get 2vrz + 75 < r*(1 — vk) and since (1 — vk) is positive, so
2urz + ry < r* implies that vrz + ry < r*. Thus, we get from (3.8) that

Iy — f(z1)) — gl <" (1 —vK) +ver® =7r".

This shows that y — f(x1) € B,«(g). Since I has locally closed graph, there exists xo € F~'(y —
f(z1)) and it is clear that (3.2) is true for k£ = 1. Also, since F' is metrically regular and zo = z,
we obtain

dist(x,Ffl(y — f(xl))) <k dist(y — f(xl),F(x))
< kK dist(y — f(z1),y — f(x)) < vk|zr — . (3.9)

From (3.6) and (3.9), we get

[z — 2|

IA

A

IN

|lzo —zl| + ||z — Z|| S vi|lzr —z|| + 7z < l/H,[(l +vK)rs + m“g] +rz

(1 + vk + (VK)2)T55 + (vK)kry = i jlmm + (vK)KTy. (3.10)

l[z2 — ]

2

and vk < for all values of vk such that vk < 1, so by using the first
l-vk 1-vk —

VK
condition in (3.1), we take the decision from (3.10) that
lz2 —Z|] < 2 rz + L KTg
2 l—ve " 1—vx Y
2rz + KTy <

1—vk

This implies that z2 € B« (Z). Using the metric regularity condition on F', we obtain
oz —aa| < dist (w1, P (y = flon)) < s dist(y = f(o1), F(1)

w dist(y — f(21),y — f(2)) < vrller - a].

IN
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This shows that (3.3) is true for k = 1. Thus, we have obtained two constructed points z1, z2 for
which (3.2) and (3.3) are true for kK = 0,1. We assume that z1,xa, ..., zn are constructed such that
(3.2) and (3.3) are true for k =0,1,2,..,n — 1. By induction hypothesis, we have to construct zn1
such that (3.2) and (3.3) hold for k = n.

We will first show that z; € B+ (Z) for all i = 1,2, ...,n. By using (3.3), for such an ¢, we have
i-1 i

1
s — 2l <Y g — a5l <D (wr) e — | <
=0

=0

1
1—-—vk

lz1 — z||. (3.11)

Again, using (3.11), (3.6) and the first condition in (3.1), we obtain

lei =2 <l =2l + [lz — 2] < lr — 2|l + [l — 2]

1—-vk

1
1—-vk
This implies that z; € By«(Z) for all ¢ = 1,2,...,n. Using (3.12) for ¢ = n and by the second
condition in (3.1), we get

2rz + kry <t

[(1 + vK)rs + Iﬂ'/l"»g] +rz = (3.12)

1—vk

Iy = flza) =gl < Ny—=gl+1f@) = flz)ll <lly =7l + vz, — 2|
S TQ+V(2T5+I€T@):2VTE+TQ ST*-
1—vk 1—vk

This shows that y — f(x,,) € B+ (7). Since F has locally closed graph, there exists z,41 € F~'(y —
f(z»)) and it shows that (3.2) holds for K = n. Using the metric regularity condition on F', we
obtain

IN

[

dist(aszfl(y - f(mn))) <k dist(y — f(:cn)7F(xn))
o dist(y = f@n),y = (@) < 5 11f(@n) = f@n)]

< vk ||on — -1 < (vK)" ||z — 2] (3.13)
The induction steps are completed, and therefore (3.2) and (3.3) are satisfied for all k. By (3.13)

with zg = x, we get

n n
lenir —all < 3 e — aill < S (wr)iller - ol <

=0 i=0

IN

1
1—vk

[lz1 — z||. (3.14)

By (3.14) and the relation 1 lz1 — z|| + ]z — Z|| < r* from (3.12), we obtain

— VR

lnsr = ol < Nowsr =2l + o= 3l € == |l — 2] + |l — 2] < o

— VR

This shows that zn+1 € By=(Z). Since vk < 1, we see from (3.13) that the sequence {zx} is
a Cauchy sequence, and all its elements are in B,«(Z). Hence, this sequence converges to some
Z € By« (%), that is, = limp—ooxk. Then taking limit in (3.2) and the local closedness of gphF,
satisfies & € F~'(y — f(&)), that is, & € (f + F) "' (y).

Moreover, by using (3.3) and (3.5), we obtain

k
. —1 ~ _ . . . _ .
dist (o, (f + F)'(y)) < =2 = lim | —al < lim 2 llzeis =il

k

. i _ <
Jim 3300 — ol <
<

dist (y (f + F)(x)).

IN

—— Jlo1

K
- 1—-vk
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Therefore the proof of the Lemma 3.1 is completed. O
Choose a sequence of scalars {\x} C (0, ). For each x € X, define a mapping H(,, ) : X — Y by

Hixga) (1) = =Ak(- — @), (3.15)
and a set valued mapping ¥(x, ) : X = 2% by

Vo) () = (f + ) [Hiam G- (3.16)

Here we present the statement and a proof of our vital result, which ensures the existence and the
semi-local convergence of any sequence generated by the Gauss-type proximal point algorithm by
using some sufficient conditions with initial point Z:

Theorem 3.1. Suppose n > 1 and that (f 4+ F) is metrically regular at (Z,%) on B, (T) X B, (9)
and gph(f + F) N (B, (Z) x B, (y)) is closed. Let § > 0 be such that

with constant T

— VK
Tz Ty
<minq =, —2%——
(a) 67m1n{ SRRETES N 1},
(b) 3nrA+rvk <1,

(c) [l7ll < Ad.
Suppose that
lim dist (g, flz) + F(:r)) =0. (3.17)

Then, with initial point T, there exists some 5 > 0 such that Algorithm 2 generates at least one
sequence and any generated sequence {xr} converges to a solution z* € B;(Z) of (1.1), that is, ™
satisfies that 0 € f(z*) + F(x*).

Proof. Tt is sufficient to show that Algorithm 2 generates at least one sequence and any generated
sequence {z} satisfies

|zk — Z[| <24, (3.18)
and N
lzess — zx)| < (5) . (3.19)

We will proceed by mathematical induction. For this aim, we define, for each z € X,
3K _ _
rovn = g g 81+ Allz = 21). (3.20)
Since i > 1, by the conditions (b) and (c) we have, for each x € B2s(Z),

3 3
< — = . .
3X0 < 2775< 25< 20 (3.21)

3K
P —
"0 =50 k)

Take 0 < § < § such that

dist (07 flzo) + F(xo)) < A for each zo € By(Z) (3.22)

(nothing that such § exists by (3.17) and assumption (c)). We see that (3.18) is obviously true for
k = 0. In order to show (3.19) is valid for k = 0, it is sufficient to prove that the point z1 exists, that
is, D(Xo, o) # 0. To complete this, we have to prove that D(\o,z¢) # 0 by applying Lemma 2.2 to

the mapping ¥ (x,z0) With o = Z, 7 := 1r(\ 2,) and a := 3 Below we show that assertions (2.1) and
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(2.2) of Lemma 2.2 are satisfied with o = Z, 7 := 7(x 4,) and a := ~. Granting this, Lemma 2.2 is

1
3
applicable to conclude that there exists a fixed point £ € B, NI () such that £1 € Y(ry,20)(%1),
which implies that H(Ao,zo)(fl) € (f + F)(f1), that is, 0 € )\0(1?1 — :L‘o) + (f =+ F)(fl)

To proceed, note that Z € (f + F)™'(g) N Brix vo) (Z). By using the definition of excess e with the
mapping ¥(x,,z,) in (3.16) and using the relations B ,(Z) € B2s(Z) C Br, (Z), we have

T(X,zq
diSt(ialp(Ag,xg)(i‘)) < 6((f+F)71(17) QBT(A,ZO)(:E)?’()b()\o,aco)(a_:))
< o(F+F) 7@ NB @), (f+ F) [Hogwo @)]). (3:23)

Since (37 4+ 1)A\é < ry from the second relation in assumption (a), so 4A\d < ry (as n > 1). Also,
using the relation zo € B;(Z) C Bs(Z) and assumption (c), we obtain that,

[Hng,20) () = 9ll = | = 2@ = z0) = gll < Aollzo —Z|[ + |7l
< Allzo — 2] + [I7ll (3.24)
S 4N6 S Tyg.

This shows that H(x, z0)(Z) € B, (7). Thus, by using (3.24), (3.20) and Lemma 2.1, we obtain
from (3.23) that

dist (1‘:, w(xo,zo)(f))

K

IN

19 = Hxg,zo) (@)

Alzo = 2+ 171) = (1= 2 )rree) = (1 — a)r.
3

It shows that assertion (2.1) of Lemma 2.2 hold. Now, we show that assertion (2.2) of Lemma 2.2
also hold. Let z’,2" € Bry .oy (). Thus, by the first relation 26 < rz from assumption (a) and
T(neo) < 20 from (3.21), we have 2’,2” € B, _ (%) C Bas(Z) C By, (Z). By the second relation
in assumption (a), we get 4X\d < ry (as n > 1) and by using the assumption (c) and the relation
zo € Bs(T) C Bs(Z), we observe that

1—-—vk

K
<

1—vk

[Hixg20) (@) =gl = || =Xo(a" = z0) = gl < Xz" — ol + |7l
< A" = 2|+ Mz — 2ol + 7] < 4X6 < 1y

Hence H(xy,z0)(2") € Bry (7). Similarly, H(xy,z0)(2"”) € Br; (7). So, by Lemma 2.1, we obtain that
€ (d)(koyzo) (x/) N BT(k,zo) (@), Y(ro.20) (3:”)> < e(w(ko»zo) (x/) NB.; (2), Y(r0,20) (33”)>
= e((F+ ) Hpgeo) (@)

N Bro (@), (f + F) Hog oo ()]

< 1— vk HH()\O@O>(‘T/) - H()\ovzo)(x”)u
K ’ "
R
AK ’ "
< — . 2
< o) (3.25)

By assumption (b) and since 1 > 1, (3.25) becomes

_ 1 1
e(Vro0 (@) N Bry ooy (8), Bing o) (7)) < gl =l < glle’ =2l = alle’ — ",
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This implies that assertion (2.2) of Lemma 2.2 also hold. Thus, both the assertions of fixed point
Lemma 2.2 hold, so we can deduce that there exists a fixed point #1 € B, , (%) such that
E1 € Y(rg,z0)(@1). Therefore, D(Xo,z0) # @, and consequently, we can choose do € D (Ao, o) such
that

l[doll

IN

n dist (0, D(o, :ro)) (3.26)
N (A ze) < 210

IN

By Algorithm 2, z1 := zo + do is defined. By the definition of D (Mo, z0), we get

D(Xo, z0) = {do € X:0 € odo + f(wo + do) + Flwo + do)}

- {do €X:mo+doe (f+F)_1(—>\0do)}.

Thus, we have

dist (o, D(o, mo)) = dist (xo, (f + F)*l(ondo)). (3.27)
By the choice of do and the second relation (317 4+ 1)Ad < ry in assumption (a) and (c), we obtain
| = Aodo — gl < Alldol| + (|7l < 2And + A6 < rg,

and so —Aodo € B, (7). Since (f + F) is metrically regular at (Z,7) on B, (Z) x B.; (%) with
constant ﬁ, we have from (3.26) and (3.27) that

ldoll < 7 dist(mo,(f—i—F)_l(—/\odo)) << j“wdist(—Aodo,f(xo)JrF(xo))
nk nk
< _ _ _
< T = dodo = 0fl + 75— 0= (F(@0) + F(0)) |
NKA nK .
< . .
< TP ldo| + T dist (0, f(z0) + F(x)) (3.28)

Using (3.22) in (3.28), we get

KA nK
< d AJ. 3.29
ldoll < 3= =lldoll + 3=~ (3.29)
Using assumption (b) in (3.29), we get
NKA 1
_ = < —17 _§< 26
lox = aoll = 1ol € T2 b < 5

This shows that (3.19) holds for kK = 0. Assume that z1,...,z, are generated by Algorithm 2 and
(3.18) and (3.19) are verified for K =0,1,2,...,n — 1. So, we obtain

n—1 n—1 .
B _ 1y\i+1
llen — 7| < ;:O: isr — zi]| + llzo — || < 6 ;:0: (5) 16 <2 (3.30)

Thus, (3.18) is valid for £ = n. We have to show that there exists a point z,+1 such that (3.19)
is valid for £ = n. In the similar way, as we did for the case of k = 0, we obtain by using Algorithm

10



Alom and Rashid; ARJOM, 2(4), 1-15, 2017; Article no.ARJOM.31288

2 that
st = @all = Idall < 0 dist(wn, (f + F) " (~Andn))

< : i"‘wdist( — Andn, f(@n) + F(a:n))
< T = A = (Fn) + Flaa) ) |
< )+ ) + F)l
< Tl T = A = )
< Tl + 2 =
T agre § LA P (3.31)

HORSON

Hence (3.19) is valid for ¥ = n and so (3.18) and (3.19) are valid for all k. This implies that
{z} is a Cauchy sequence and hence it is convergent, say, to z*. So there exists z* € B,_(Z)
such that 2" := limg_;c0(zx). Now, the closedness of gph(f + F) N (B, (Z) x B, (7)) yields that
0 € f(z*) + F(z"). Hence, the proof is completed. O

In the case where T is a solution of (1.1), that is, § = 0, in Theorem 3.1, we have the following
corollary, which gives the local convergence result of the G-PPA.

Corollary 3.1. Suppose that n > 1, A > 0, and let T be a solution of (1.1). Let gph(f + F) be
— Choose
K

locally closed at (Z,0) and let (f + F) be metrically reqular at (Z,0) with constant T
a sequence of scalars {\i} C (0, X). Suppose that

lim dist (o, fla) + F(m)) =0. (3.32)

T—T

Then there exists & > 0 such that any sequence {xk} generated by Algorithm 2 with initial point
zo € Bs(Z) converges to a solution x* of (1.1), that is, ™ satisfies that 0 € f(z*) + F(z™).

Proof. By hypothesis (f + F) is metrically regular at (Z,0) which have locally closed graph at

(z,0) with constant 1 . Then by definition there exist constants rz > 0 and rg > 0 such that
K

(f+F) is metrically regular at (Z,0) on B, (Z) X B, (0) with constant %, that is, the following
K
inequality holds

K

dist(x, (f + F)_l(y)) < dist(y, (f + F)(x)) for all z € By, (%), y € Byy (0).

— VKR

Let supy, Ak := X € (0,1) be such that 3nkA + vk < 1 and let o € B;(Z). Since xo is very close to
z, then, for every yo near 0 such that gph(f + F) is locally closed at (zo,yo0). Then (3.32) allow us
to take 0 < § < § so that

dist (0, fzo) + F(:co)) <A for each zo € By(Z).

11
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Then, for each 0 < r < rz and 0 < 7 < 7o, one has that

dist(x, (f+F)—1(y)) << o dist(y, (f + F)(m)) for all z € B,(2), y € By, (),

— VKR

that is, (f + F) is metrically regular at (Z,7) on B.(Z) x B, () with constant 1 r . Choose

0<r1<%and0<1"2<%0besuchthat

. [T1 T2
=, 0.
mm{ 2’ (3n+1)/\} -
Thus, we can choose 0 < § < 1 such that
. T1 T2
5 < {77 7}
=T By DA

Now, it is routine to check that all the assumptions in Theorem 3.1 hold. Thus, Theorem 3.1 is
applicable to complete the proof of the corollary. O

4 Numerical Experiment

We introduce a numerical example in this section to verify the semi-local convergence result of the
G-PPA generated by Algorithm 2.

Example 4.1. Let X =Y = Rz = 05,7 = 3,A = 0.1, = 04 and kK = 0.3. Define a
differentiable function f on R by f(x) = 3z + 1 and a set-valued mapping F on R by F(z) =
{=72+42,42—5}. Then f+F is a set-valued mapping on R defined by f(z)+F(x) = {—4z+3, Tx—4}.
Then Algorithm 2 generates a sequence which converges to x* = 0.75.

Consider f(z) + F(z) = —4x + 3 and sup, A\x := A = 0.1. Then it is clear from the statement that
f + F is metrically regular at (0.5,1) € gph(f + F'). From (1.2), we obtain that

D()\k,xk) = {dk cR:0e )\k(dk) + f(mk + dk) + F(xk + dk)}

{dk ceR:dp = %(3 — 4mk)}

On the other hand, if D(A;,z1) # 0 we obtain that

30—«
0e )\k(azkﬂ - Cck) + f(xk.H) + F(xk_H) = Tpy1 = Tk)

Thus from (3.31), we obtain that

NKA

< ————||dg—1]|-
I < o i

NKA _ 9
1—vk—nrX 79
sequence generated by Algorithm 2 converges linearly. The following table 1, obtained by using
Matlab program, indicates that the solution of the generalized equation is 0.75 when k = 5.

Since < 1 for the given values of 1, A, k and v, thus we conclude that the

12
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Table 1. Finding a solution of generalized equation

H X f(x)+F(x) H
0.5000 1.0000
0.7564 -0.0256
0.7498 0.0007
0.7500 -0.0000
0.7500 0.0000
0.7500 -0.0000

The following figure is the graphical representation of f(x) + F(x)

T I
3l — 4z +3|
— Tz —4
2, |
&
& 1] *
+
s o 1
S
1L .
-2 .
| | | |
0.4 0.6 0.8 1
T

Fig. 1. The graph of f(z) + F(x)

5 Concluding Remarks

Under the assumptions that when f is a Fréchet differentiable function and F' is metrically regular
with n > 1, we have established semi-local and local convergence result for the G-PPA defined by
Algorithm 2. Moreover, we have given a numerical example to verify the semi-local convergence
result for Algorithm 2. If n = 1 and D(Ag,zk) is singleton, Algorithm 2 is identical with the
Algorithm 1 introduced by Dontchev and Rockafellar [10, Chapter 6]. If F' is the normal cone
mapping, At = gr(u) a sequence of Lipschitz continuous functions and Y = X* a dual Banach
space of X, the results established in the present paper coincide with the results obtained in [3].
This result extends and improves the result obtained in [3, 10].
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