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Abstract

The discrete semi-Markov risk model is modified by the inclusion of dividends paying to
shareholders and policyholders. When surplus is no less than the thresholds a1 and a2, the
company randomly pays dividends to shareholders and policyholders with probabilities q1,q2
respectively. Recursive formulae for ruin probabilities are derived. Finally, a numerical example
is given to illustrate the effect of the related parameters on the ruin probabilities.
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1 Introduction

During the past decades, the concept of a discrete semi-Markov risk model was investigated quite
intensively. The classical semi-Markov risk model is a discrete risk process with the following
features. Let (Jn, n ∈ N) be a homogeneous, irreducible and aperiodic Markov chain with finite
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state space M = {1, . . . ,m} (m ∈ N+). Its one-step transition probability matrix P = (pij)i,j∈M is
given by

pij = P(Jn = j|Jn−1 = i, Jk, k ≤ n− 1),

with a unique stationary distribution π = (π1, . . . , πm). The surplus at time t is

U(t) = u+ t−
t∑

i=1

Yi, t ∈ N+, (1.1)

where U(0) = u is the initial surplus. The total individual claim amounts is Yi in the i-th period.
The premium received in each period is 1. The distribution of {Yn, n ∈ N+} is a sequence of non-
negative integer random variables, conditionally independent given the Markov chain (Jn, n ∈ N).
Suppose that (Jt, Yt) depends on {Jk, Xk; k ≤ t− 1} only through Jt−1. Define

gij(l) = P(Yt = l, Jt = j|Jt−1 = i, Jk, Yk, k ≤ t− 1), l ∈ N, (1.2)

and

gi(k) =

m∑
j=1

gij(k), µij =

∞∑
k=0

kgij(k) <∞, µi =

m∑
j=1

µij , i ∈M.

The risk model (1.1) was first proposed by Janssen and Reinhard [1][2] and has been further studied
by many authors during the last few years. See, for example, Cheung and Landriault [3], Chen et
al.[4][5]. Recently, the theory of semi-Markov risk model has developed in a variety of directions.
The randomized dividend strategy was studied by Tan and Yang [6] for the compound binomial
model. Based on the discrete semi-Markov risk model, Chen et al. incorporated randomized
dividends into the discrete semi-Markov risk model. Under the dividend payment strategy, when
the surplus is no less than the threshold, the insurer pays a dividend of 1 with probability 1 − α
at the beginning of the period time. More results about discrete semi-Markov risk model about
random dividends can be found in [7][8].

In this paper, motivated by the work of Tan and Yang [6] and Chen et al.[4], we modify the model
by paying dividends to shareholders and policyholders and giving two thresholds, which makes
insurance company randomly decide to pay dividends to shareholders and policyholders according
to the thresholds. Then we derive the recursion formulas for the survival probabilities and the ruin
probability.

The rest of the paper is organized as follows. In section 2, the model is introduced. In section 3, we
give the recursion formulas for the survival probability. Lastly, a numerical example is also given
to illustrate the effect of parameters on the ruin probability.

2 The Risk Model

Now the surplus process (1.1) is modified as follows: Give two thresholds ai, i = 1, 2, where a1, a2
are fixed non-negative integers and a2 > a1. The insurance company pays dividends for shareholders
and policyholders according to the threshold. Assuming the current surplus is greater or equal to
the threshold, the company will pay a dividend of 1 with probability qi, i = 1, 2. Then the modified
surplus at the end of the t−th period is given by

U(t) = u+ t−
t∑

i=1

Yi −
t∑

i=1

[η
(1)
i 1(ui−1≥a1) + η

(2)
i 1(ui−1≥a2)], t ∈ N+, (2.1)

where claim sizes {Yi, i ∈ N+} depend on the Markov chain (Jn, n ∈ N) through the relationship(1.2).

{η(j)i , i ∈ N},j = 1, 2 are i.i.d. 1(A) is the indicator function of a set A. Bernoulli sequences with
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P (η
(j)
i = 0) = pj = 1− qj > 0, j = 1, 2 , respectively. Define τ = inf{t ∈ N : Ut < 0} to be the ruin

time. Define the ultimate ruin probability ψi(u) = P (τ <∞|U0 = u, J0 = i), i ∈M,u ∈ N. Let the
corresponding survival probability be ϕi(u) = 1− ψi(u). In this paper, we always assume that the
positive security loading condition holds, i.e.

∑m
i=1 πiµi < 1− q1 − q2.

3 Recursive Formulae for Ruin Probabilities

In this section, we derive the recursive formulas of the survival probability. Consider the special
case of m = 2 and the dividend in the first time period [0, 1]. We separate the three possible cases
as following:

ϕi(u) =

2∑
j=1

u+1∑
k=0

gij(k)ϕj(u+ 1− k), 0 ≤ u < a1, (3.1)

ϕi(u) = p1

2∑
j=1

u+1∑
k=0

gij(k)ϕj(u+ 1− k) + q1

2∑
j=1

u∑
k=0

gij(k)ϕj(u− k), a1 ≤ u < a2,(3.2)

ϕi(u) = p1p2

2∑
j=1

u+1∑
k=0

gij(k)ϕj(u+ 1− k) + (p1q2 + q1p2)

2∑
j=1

u∑
k=0

gij(k)ϕj(u− k)

+ q1q2

2∑
j=1

u−1∑
k=0

gij(k)ϕj(u− 1− k), u ≥ a2.

(3.3)

Let ϕ̃i(s) and g̃ij(s) be the probability generating function of ϕi(k) and gij(k). We multiply both
sides of the equation (3.1)(3.2)(3.3) by su+1, and sum u from 0 to ∞. We have

sϕ̃i(s) = (p1+q1s)(p2+q2s)

2∑
j=1

g̃ij(s)ϕ̃j(s)−p1p2
2∑

j=1

gij(0)ϕj(0)+

a1−1∑
u=0

Ei(s)s
u+1+

a2−1∑
u=0

Ni(s)s
u+1,

for i = 1, 2,

Ei(u) = q1

2∑
j=1

u+1∑
k=0

gij(k)ϕj(u+ 1− k)− q1

2∑
j=1

u∑
k=0

gij(k)ϕj(u− k), u = 0, 1, 2, · · · , a1 − 1,

Ni(u) = p1q2

2∑
j=1

u+1∑
k=0

gij(k)ϕj(u+ 1− k) + q2(q1 − p1)

2∑
j=1

u∑
k=0

gij(k)ϕj(u− k)

+ q1q2

2∑
j=1

u−1∑
k=0

gij(k)ϕj(u− 1− k), u = 0, 1, 2, · · · , a2 − 1,

let

A(pi, s) = pi + (1− pi)s = pi + qis, ei =

2∑
j=1

gij(0)mj(0),

Fi(s) =

a1−1∑
u=0

Ei(u)s
u+1, Mi(s) =

a2−1∑
u=0

Ni(u)s
u+1, Hi(s) = p1p2ei −Mi(s)− Fi(s).

Then we have{
[A(p1, s)A(p2, s)g̃11(s)− s]ϕ̃1(s) +A(p1, s)A(p2, s)g̃12(s)ϕ̃2(s) = H1(s),

A(p1, s)A(p2, s)g̃21(s)ϕ̃1(s) + [A(p1, s)A(p2, s)g̃22(s)− s]ϕ̃2(s) = H2(s).
(3.4)
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From (3.4) we can know

{[A(p1, s)A(p2, s)g̃11(s)− s][A(p1, s)A(p2, s)g̃22(s)− s]−A2(p1, s)A
2(p2, s)g̃12(s)g̃21(s)}ϕ̃1(s)

= H1(s)[A(p1, s)A(p2, s)g̃22(s)− s]−H2(s)A(p1, s)A(p2, s)g̃12(s).

(3.5)

For notational convenience, we define

hi(0) = p1p2ei, gij(0) = p1p2gij(0), gij(1) = p1p2gij(1) + (q1p2 + p1q2)gij(0), i ̸= j,

gii(1) = p1p2gii(1) + (q1p2 + p1q2)gii(0)− 1,

gij(k) = p1p2gij(k) + (q1p2 + p1q2)gij(k − 1) + q1q2gij(k − 2), k ∈ N \ {0, 1},
hi(k) = −Ni(k − 1)− Ei(k − 1), k = 1, 2, · · · , a1, hi(k) = −Ni(k − 1),

k = a1 + 1, a1 + 2, · · · , a2, hi(k) = 0, k = a2 + 1, a2 + 2, · · · , i = 1, 2,

fk =

k∑
n=0

[g11(n)g22(k − n)− g21(n)g12(k − n)],

g
(1)
k =

k∑
n=0

ϕ1(n)fk−n, A
(1)
k =

k∑
n=0

[h1(n)g22(k − n)− h2(n)g12(k − n)], k ∈ N.

Let g̃(1)(s), f̃(s), and Ã(1)(s) be the generating functions of g
(1)
k , fk, and A

(1)
k respectively. According

to the property of generating function, we can obtain from (3.5)

g̃(1)(s) = f̃(s)ϕ̃1(s) = Ã(1)(s). (3.6)

The above equality can be obtained as

k∑
n=0

ϕ1(n)fk−n = A
(1)
k , k ∈ N. (3.7)

Similarly, we can get
k∑

n=0

ϕ2(n)fk−n = A
(2)
k , k ∈ N. (3.8)

Theorem 1. For i = 1, 2 and k ∈ N+, the ruin probability satisfies the recursive formula as follows

ϕi(k) =

{
1
f0
[A

(i)
k −

∑k−1
n=0 ϕi(n)fk−n], if f0 ̸= 0,

1
f1
[A

(i)
k+1 −

∑k−1
n=0 ϕi(n)fk+1−n], if f0 = 0, f1 ̸= 0.

(3.9)

Proof. From (3.7) and (3.8), we just need to show that the positive security loading condition does
not hold when f0 = f1 = 0. Note that

f1 = p1p2g11(0)[p1p2g22(1) + q1p2g22(0) + p1q2g22(0)− 1]− p1p2g21(0)[p1p2g12(1)

+ q1p2g12(0) + p1q2g12(0)] + p1p2g22(0)[p1p2g11(1) + q1p2g11(0) + p1q2g11(0)− 1]

− p1p2g12(0)[p1p2g21(1) + q1p2g21(0) + p1q2g21(0)] ≤ 0.

If f1 = 0, then g11(0) = g22(0) = 0 and

p1p2g21(0)[p1p2g12(1) + q1p2g12(0) + p1q2g12(0)] = 0, (3.10)

p1p2g12(0)[p1p2g21(1) + q1p2g21(0) + p1q2g21(0)] = 0. (3.11)
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From f0 = p21p
2
2(g11(0)g22(0)− g21(0)g12(0)) = 0, we know g21(0)g12(0) = 0.

Consequently, we need to take two situations into account.

(i) g12(0) = 0 but g21(0) ̸= 0.
(ii) g21(0) = 0 but g12(0) ̸= 0.

Since the remaining steps of the proof are the same as those in Chen et al.[4], we omit the details
here. Finally, from (3.7)(3.8), we can obtain the recursive formula. Theorem 1 has been proved. 2

For the sake of obtaining the ruin probability, we have to get the survival probability by theorem
1. In consideration of the premises, we need the initial ϕi(0), i = 1, 2. Next we have to find two
equations between them. In this section, we only consider the case with a2 = 0.
Define

di(0) = ϕi(0), di(u) = ϕi(u)− ϕi(u− 1), u ≥ 1,

Bi(0) = A
(i)
0 , Bi(u) = A(i)

u −A
(i)
u−1, u ≥ 1.

As showed in [4], we have

f̃(s)d̃i(s) = B̃i(s), i = 1, 2. (3.12)

Therefore
B̃′

i(s) = f̃ ′(s)d̃i(s) + f̃(s)d̃′i(s), i = 1, 2. (3.13)

On account of

d̃i(s) =

∞∑
u=0

sudi(u), d̃i(1) =

∞∑
u=0

di(u) = lim
n→∞

ϕi(n) = 1, B̃i(1) = lim
n→∞

A(i)
n = 0,

from(3.12)(3.13), we know f̃(1) = 0 and B̃′
1(s) = f̃ ′

1(s). A
(1)
k can be rewritten

A
(1)
k = ξ

(1)
k ϕ1(0) + η

(1)
k ϕ2(0), k ∈ N, (3.14)

where

ξ
(1)
k = p1p2(g11(0)g22(k)− g21(0)g12(k)), η

(1)
k = p1p2(g12(0)g22(k)− g22(0)g12(k)).

So we have

B̃′
1(1) =

∞∑
k=0

kB1(k) = −ϕ1(0)

∞∑
i=0

ξ
(1)
i − ϕ2(0)

∞∑
i=0

η
(1)
i

= p1p2ϕ1(0)[g11(0)p21 + g21(0)p12] + p1p2ϕ2(0)[g12(0)p21 + g22(0)p12].

On the other hand

f̃ ′(1) =

∞∑
k=0

kfk =

∞∑
k=0

k∑
n=0

k[g11(n)g22(k − n)− g21(n)g12(k − n)]

=
∞∑

n=0

∞∑
k=n

k[g11(n)g22(k − n)− g21(n)g12(k − n)]

=

∞∑
n=0

g11(n)

∞∑
k=0

kg22(k) +

∞∑
n=0

ng11(n)

∞∑
k=0

g22(k)

−
∞∑

n=0

g21(n)

∞∑
k=0

kg12(k)−
∞∑

n=0

ng21(n)

∞∑
k=0

g12(k)

= p12(1− q1 − q2 − µ2) + p21(1− q1 − q2 − µ1).
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So we obtain

p1p2ϕ1(0)[g11(0)p21 + g21(0)p12] + p1p2ϕ2(0)[g12(0)p21 + g22(0)p12]

= p12(1− q1 − q2 − µ2) + p21(1− q1 − q2 − µ1).
(3.15)

Hence we find a relationship between ϕ1(0) and ϕ2(0). In the next moment, we are going to find
another relationship between ϕ1(0) and ϕ2(0). To do it, we consider several cases of f0 = p21p

2
2(g11(0)

g22(0) − g21(0)g12(0)). To begin with, we consider f0 = 0. ϕ1(0)f1 = A
(1)
1 can be obtained from

(3.7), and
K1ϕ1(0) +K2ϕ2(0) = 0, (3.16)

where
K1 = p21p

2
2[g11(1)g22(0)− g12(0)g21(1)]− p1p2g22(0) ≤ 0,

K2 = p21p
2
2[g22(0)g12(1)− g12(0)g22(1)] + p1p2g12(0) ≥ 0.

Since K1 = K2 = 0 holds if and only if g12(0) = g22(0) = 0. At this time, e1 = g11(0)ϕ1(0),
e2 = g21(0)ϕ1(0). Therefore

f1ϕ2(0) = [p21p
2
2(g11(1)g21(0)− g11(0)g21(1))− p1p2g21(0)]ϕ1(0). (3.17)

Secondly, we consider f0 > 0.

f̃ ′(s) = [(q1A(p2, s) + q2A(p1, s))g̃11(s) +A(p1, s)A(p2, s)g̃
′
11(s)− 1][A(p1, s)A(p2, s)g̃22(s)− s]

+ [(q1A(p2, s) + q2A(p1, s))g̃22(s) +A(p1, s)A(p2, s)g̃
′
22(s)− 1][A(p1, s)A(p2, s)g̃11(s)− s]

− 2A(p1, s)A(p2, s)(q1A(p2, s) + q2A(p1, s))g̃12(s)g̃21(s)

−A2(p1, s)A
2(p2, s)[g̃

′
12(s)g̃21(s) + g̃′21(s)g̃12(s)].

As aforementioned,

f̃ ′(1) = −p21[(2− p1 − p2)p11 + µ11 − 1]− p12[(2− p1 − p2)p22 + µ22 − 1]

− 2(2− p1 − p2)p12p21 − µ12p21 − µ21p12

= −(2− p1 − p2)(p21 + p12)− (µ1p21 + µ2p12) + p21 + p12

= (p1 + p2 − 1)(p21 + p12)− (µ1p21 + µ2p12) > 0.

Consequently, there is a ρ ∈ (0, 1) because of f̃(1) = 0, which makes f̃(ρ) = 0, i.e., Ã(1)(ρ) = 0.
That is

{[g11(0)g̃22(ρ)− g21(0)g̃12(ρ)]A(p1, ρ)A(p2, ρ)− g11(0)ρ}ϕ1(0)

+ {[g12(0)g̃22(ρ)− g22(0)g̃12(ρ)]A(p1, ρ)A(p2, ρ)− g12(0)ρ}ϕ2(0) = 0.
(3.18)

Thirdly, f0 < 0 should be considered. Furthermore f̃(0) = f0 < 0. And

f̃(−1) = [(2p1 − 1)(2p2 − 1)g̃11(−1) + 1][(2p1 − 1)(2p2 − 1)g̃22(−1) + 1]

− (2p1 − 1)2(2p2 − 1)2g̃21(−1)g̃12(−1) > (1− g̃11(1))(1− g̃22(1))− g̃21(1)g̃12(1)

= (1− p11)(1− p22)− p21p12 = 0, ∀pi ∈ (0, 1], i = 1, 2.

In this way, there is a ρ ∈ (−1, 0) that makes f̃(ρ) = 0, i.e., Ã(1)(ρ) = 0. This means that (3.18)
still holds.

4 Numerical Illustration

In the following example, we investigate the effect on the dividend payments on ruin probability.
We let a2 = 0, p1 = 0.95, p2 = 0.85, 0.87, 0.89, 0.91. The numerical analysis of this section only
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consider f0 = 0. Other situations are similar. We start with the example considered by Janssen
and Reinhard [1][2]. The distribution of claims gij(k) is given in Table 1. We aim to compute the
ruin probabilities with different values of the p1 and p2. From the previous statement, we can see
that if we obtain the initial values, we will get the ruin probabilities by (3.9). The results are given
in Table 2.

The table 2 provides several important points of ψi(u),i = 1, 2 in regard to the initial surplus u for
fixed p1, p2. As is revealed in the table 2, we can see clearly that ψi(u) increases as p1, p2 decrease
while ψi(u) decreases as p1, p2 increase. From another aspect, ψi(u) always decreases as the value
of u increase. Furthermore, in order to more vividly reflect the influence of the parameters on ruin
probability, we provide Figs 1a and 1b, which show the impact of pi,qi and the initial surplus u
on ruin probability, respectively. The figures lead us to the conclusion that random dividends to
shareholders and policyholders play an important role in the ruin probability.

7
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Fig. 1. The ruin probability of ψi(u)

5 Conclusions

In this paper, we mainly investigate the discrete semi-Markov risk model with random dividends
paying to shareholders and policyholders. The main feature of this paper is that we derive recursive
formulae for the ruin probabilities with different values of the p1 and p2 by using the method of
probability generating function. Numerical example is also presented to illustrate the effect of the
related parameters on the ruin probabilities.
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