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ABSTRACT

In this paper, we introduce the generalized p-Oresme sequences and we deal with, in detail, three
special cases which we call them modified p-Oresme, p-Oresme-Lucas and p-Oresme sequences.
We present Binet’s formulas, generating functions, Simson formulas, and the summation formulas
for these sequences. Moreover, we give some identities and matrices related with these sequences.

Keywords: Oresme numbers; Oresme-Lucas numbers; generalized Fibonacci numbers; modified
p-Oresme numbers; p-Oresme-Lucas numbers; p-Oresme numbers.
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1 INTRODUCTION Oresme (1320-1382) in the 14-th century.

Oresme obtained the sum of the rational numbers
p-Oresme numbers (see, for example, Cook [1]) formed by the terms 0,%,2, 3 1 5 & .
are defined by the recurence relation These numbers form a second order sequence

1 1 and are defined by the recurence relation
Onq2 = On+l_ﬁon7 00 =0,01 = ];7 p # 0.

The case p = 2, which is called the Oresme

1 1
sequence, {O,}.>0, Was introduced by Nicole Ont2 = Ont1 — ZOn, Oo =0,01 = 5
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In [2], Horadam presented a history
and obtained an abundance of properties
of these numbers. Oresme numbers have
many interesting properties and applications
in many fields of science (see, for example,

(31,[41,[1],[2],[5].[6D)-

The purpose of this article is to generalize
and investigate these interesting sequence of
numbers (i,e,, p-Oresme numbers). First, we
recall some properties of Fibonacci numbers and
its generalizations, namely generalized Fibonacci
numbers.

The Fibonacci numbers and their generalizations

have many interesting properties and
applications to almost every field such
as architecture, nature, art, physics and

engineering. The sequence of Fibonacci
numbers {F, }.>o is defined by

F'IL:F'IL—1+F’IL—27 71227 F0:07F1:1-

The generalization of Fibonacci sequence leads
to several nice and interesting sequences. The
generalized Fibonacci sequence (or generalized
(r, s)-sequence or Horadam sequence or 2-step
Fibonacci sequence) {W,,(Wo, Wi;r,s)}n>0 (OF
shortly {W, }.>0) is defined (by Horadam [7]) as
follows:
W, = TWn71+SWn72, Wo = a, Wy = b, n>2
(1.1)
where Wy, W7 are arbitrary complex (or real)
numbers and r,s are real numbers, see also
Horadam [8],[9],[10] and Soykan [11].

For some specific values of a,b,r and s, it
is worth presenting these special Horadam
numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special
cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Whr(a,b;r,s) Binet Formula OEIS[12]
(%) - ()
. . 2 2
Fibonacci Wn(0,1;1,1) = F, 7 A000045
Lucas Wa@ 11 =L (252)"+(352)" 000032
1+v2)" = (1-v2)"

Pell Wa(0,1;2,1) = P, (1+v2) 2\/5( v2) A000129
Pell-Lucas Wa(2,2:2,1) =Qn (1++v2)"+(1-v2)" A002203
Jacobsthal Wa(0,1;1,2) = J, 22" A001045

Jacobsthal-Lucas W, (2,1;1,2) = j, 2" + (=1)" A014551

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

The sequence {W,}..>0 can be extended to negative subscripts by defining

r 1
W_n = _EW—(n—l) + EW—(n—Q)

forn =1,2,3, ... when s # 0. Therefore, recurrence (1.1) holds for all integer n.

Now we define two special cases of the sequence {W,}. (r,s) sequence {G.(0,1;r,s)}n>0 and
Lucas (r, s) sequence {H,(2,r;r,s)}.>0 are defined, respectively, by the second-order recurrence

relations

Gn+2 =
Hn+2

T'Gn+1 + SGn,
7/'I_In+l + SHn7

Go=0,G1 =1,
H0:2,H1:7',

(1.2)
(1.3)
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The sequences {Gy }n>0, {Hn}n>0 and { E, } >0 can be extended to negative subscripts by defining

r 1
G_n _EG—(n—l) + EG—(n72)7
r 1
Hop = ——H_ 1)+ -H_(n_2),
G- T o Ho(n-2)
forn =1,2,3, ... respectively. Therefore, recurrences (1.2)-(1.3) hold for all integer n.

Some special cases of (r, s) sequence {G (0, 1;r, s) }>0 and Lucas (r, s) sequence { H,(2,7;7, ) }n>0
are as follows:

1. G.(0,1;1,1) = F,,, Fibonacci sequence,

2. H,(2,1;1,1) = L,, Lucas sequence,

3. G»(0,1;2,1) = P,, Pell sequence,

4. Hyn(2,2;2,1) = Qn, Pell-Lucas sequence,

5. G»(0,1;1,2) = J,, Jacobsthal sequence,

6. H,(2,1;1,2) = j,, Jacobsthal-Lucas sequence.

The following theorem shows that the generalized Fibonacci sequence W,, at negative indices can
be expressed by the sequence itself at positive indices.

Theorem 1.1. Forn € Z, for the generalized Fibonacci sequence (or generalized (r, s)-sequence or
Horadam sequence or 2-step Fibonacci sequence) we have the following:

(a)
Won = (=)' (W, — H,Wo)
= (=)"T's (W, — H,Wp).

(b)

(_1)n,+18—n

W_n =
—WE 4 sWg + rWoWh

((2W1 — rWo)WoWn i1 — (WP + sW3)Wh).

Proof. For the proof, see Soykan [[13], Theorem 3.2 and Theorem 3.3]. O

The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci
numbers).

Theorem 1.2. Let = be a real (or complex) number. For all integers m and j, for generalized (r, s)
numbers (generalized Fibonacci numbers), we have the following sum formulas:

(a) If(—s)™a> — xH,, + 1 # 0 then

Zn:ka = ((=8)" @ = Hp)z" " Wintj + (=8)" 2" P Winngj—m + Wy = (=)™ aWj_m
P mktd (—s)mx2 —xH,, + 1 '

(1.4)
(b) If(—s)™a? —xH,;m + 1= u(z —a)(xz — b) = 0 forsomew,a,b € Cwithu # 0anda # b, i.e, x = a orz = b, then
& (z(n+2) (=8)™ = (n+ DHm)z" Wjtmn + (=8)" (n+ )" Winngj—m — (=8)" Wj_p,
> T Winkij = -

k=0 2(—s)™ax — Hp
(€) If(=s)™a? —aH,y +1=u(x—c)2 =0forsomeu,c € Cwithu # 0, e, x = c, then

n (n+1) (=)™ (n+2)2"™ = ne" " Hup ) Winppj + n(n +1) (=)™ 0" Winpijm
> " Wikt = .

k=0 2(—s)™
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Proof. It is given in Soykan [13, Theorem 4.1]. O
Note that (1.4) can be written in the following form

i Wy = (=)™ @ — Hp)z" T Wpgj + (=)™ 2™ T Wt jom + 2(Hi — (=)™ @)W, — (=)™ W, _pp,
=1 mh+i (—s)Max2 — xHpy + 1

We give the ordinary generating function > W,z" of the sequence {W,, }.

n=0

Lemma 1.3. Suppose that fw,, (z) = io: W,x" is the ordinary generating function of the generalized

n=0

Fibonacci sequence {W},.>o. Then, > Wy,z" is given by

n=0

S W = Wot Vo = rifo)a (15)
= 1—rx—sx

Proof. For a proof, see [[11], Lemma 1.1]. O

1.1 Binet’s Formula for the Distinct Roots Case and Single Root Case
Let o and 3 be two roots of the quadratic equation
22 —re—s=0, (1.6)

of which the left-hand side is called the characteristic polynomial (or the characteristic equation) of
the recurrence relation (1.1). The following theorem presents the Binet’s formula of the sequence
Wh.

Theorem 1.4. The general term of the sequence W, can be presented by the following Binet's
formula:

g" , ifa# B (Distinct Roots Case)

W1—6Wo n_ W1 —OéWo
W, = a—pg ¢ a—p
(MW1 —a(n—1)Wo)a™* | ifa=p (Single Root Case)
B W;—_B BWO a — Wla__aﬁwo B , ifa # B (Distinct Roots Case)
(nWi - (n—1)Wo) (3)""" , ifa= 3 (Single Root Case)

Proof. For a proof, see Soykan [11] and [13]. O

The roots of characteristic equation are

a="EY2 gt (1.7)
where
A=1"44s
and the followings hold
at+pB =
af = —s,
(=B = (a+pB)?—4af =r’+4s.
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If A = r?4+4s # 0then a # 8 i.e., there are distinct roots of the quadratic equation (1.6) and if
A =7? +4s = 0then a = S, i.e., there is a single root of the quadratic equation (1.6).

In the case r* + 4s # 0 so that o # 3, for all integers n, (r,s) and Lucas (r, s) numbers (using initial
conditions in Theorem 1.4) can be expressed using Binet’'s formulas as
a’n B'Il
Gn = + 5
(a=p) (B-a)
Hn — an +/BTL’

respectively. In the case r? + 4s = 0 so that o = 3, for all integers n, (r, s) and Lucas (r, s) numbers
(using initial conditions in Theorem 1.4) can be expressed using Binet’s formulas as

n—1
Gn = na" 7,

H, = 2a",

respectively.

2 GENERALIZED P-ORESME SEQUENCE

From now, throughout the paper we assume that 0 # p € R unless otherwise stated. In this paper we
consider thecase r = 1,s = —p%. For 0 # p € R, a generalized p-Oresme sequence {Wy,}n>0 =
{W,(Wo, W1)}n>0 is defined by the second-order recurrence relations

Tw 2.1)

W’n = Wn—l -3
p

with the initial values Wy = c¢o, W1 = ¢1 not all being zero.
The sequence {W,, },.>0 can be extended to negative subscripts by defining

W_n = p2W—(n—1) - p2W—(n—2)

for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integer n. The case p? = 4 is given in
Soykan [6].

Using standard techniques for solving recurrence relations, the auxiliary equation, and its roots are
given by

1
;ctzmﬁ = 0 (2.2)
=
p2m2—p2m—|—1 = 0
and ) 1
_ = 2 _ _ = _ 2 _
wm i (p+ V). = o (o V).
Note that
a+pf = 1.
1
Ofﬁ = E:
24
a—fp = P
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Note that if p> — 4 # 0, i,e., p*> # 4, then a # 8 i.e., there are distinct roots of the quadratic equation
(2.2) and if p* = 4 then o = B = 1, i.e., there is a single root of the quadratic equation (2.2).
Therefore, by Theorem 1.4, the Binet formula can be written as

Wl_ﬁWOa"— Wl_aWOB" , ifpP#4,ie,p#—2andp #2

W, = a—pf a—pf ) (2.3)
(nWi— % (n—1)Wo) (3)" , ifp*=4, ie,p=-20rp=2
# L if p2 £ 4
— 2n+1pn p2 _ 4
(Wi =L (n—1)Wo) (3)"™" | ifp?=4

where

U= (2pW1 — (p — Vp? —HYWo)(p + Vp?> = 4)" — (2pW1 — (p+ V/P?> = HWo)(p — V/p? — 4)".

The first few generalized p-Oresme numbers with positive subscript and negative subscript are given
in the following Table 2.

Table 2. A few generalized p-Oresme numbers

n W, W_n
0 Wo Wo
1 % —p2W1 +p2Wo
2 Wy — p%Wo *p4W1 +p2(p2 — 1)Wo
2
3 AW — W —p'(* = YW1 +p* (p* = 2)Wo
2
4 E2AW - W, —p°(p* =)W1 +p* (p" = 3p* + YW
4 2 2
5 p’gii“wl - 22 Wo —p°(p* — 3p> + YW1 +p°(p* — 4p° + 3)Wp
4 4 2 3 3
6 E=SrEwn — B EW, —pS(pt —4p® 4+ 3)Wa 4 p°(p° — 5p* 4 6p° — )W

Now we define three special cases of the sequence {WW,, }. Modified p-Oresme sequence {G}n >0,
p-Oresme-Lucas sequence {H, },>o and p-Oresme sequence {O, },>o are defined, respectively, by
the second-order recurrence relations

1
Gn+2 = Gn+1 - EGny GO = 0> Gl - 17 (24)
Huve = Huyi— —Hn Ho=2Hi =1, (2.5)
p
1 1
On+2 = On+1 - EOH, Oo = 0,01 = ]; (26)

The sequences {Gr }n>0, { Hn }n>0 and {O, } >0 can be extended to negative subscripts by defining

G_n = p2G7(n71) - pQGf(n72)7
Ho, = p’H_(no1y—p H_(no2),
Ofn - p20—(n—1) - p20—(n—2)>

forn = 1,2, 3, ... respectively. Therefore, recurrences (2.4)-(2.6) hold for all integer n.

Note that the case p? = 4 is investigated in Soykan [6]. Note also that 2-Oresme sequence is the
Oresme sequence. Next, we present the first few values of the modified p-Oresme, p-Oresme-Lucas
and p-Oresme numbers with positive and negative subscripts:



Soykan; AJARR, 15(7): 1-25, 2021; Article no.AJARR.74548

Table 3. The first few values of the special second-order numbers with positive and negative

subscripts
n 0 1 2 3 1 5 6
G 0 1 1 ,,2;1 ,,252 pT—3p7+1 p4—4§2+3
p p P P
4 2
G_pn —p? —p? —p*(p* — 1) -p(p® —2) —p%(»* —3p% + 1) —p2(p* — 4p® + 3)
H. 2 1 p2—2 p2—3 pt—4p242 pt—5p2+45 p%—6pt4op2—2
22 —6p"49p7—2
" 2 4 P 2 6 P 4 8 p6 4 10 P 8 6 12 IOP 8 6
H_y D p- —2p p° —3p p° —4p° + 2p P~ — 5p° + 5p p° —6p " + 9p° —2p
o, o L 1 P21 p2-2 pt=3p?+1 pt—ap?+3
P D
o _ _.3 7317271 75p272 _.5 4532 1 7 4342 3
—n P P p° (p ) p°(p ) p° (p p” +1) p'(p p” 4 3)

For all integers n, modified p-Oresme, p-Oresme-Lucas and p-Oresme numbers (using initial conditions
in (2.3)) can be expressed using Binet’s formulas as

o= | T (VP o T))

n—1 , ifp?=14
and
o = 2"1p” ((pJ’\/fm)nJr(P— p2—4)n)  ifp? 44
" 271171 , ifp?=4
= g (V) 4 (v 1))
and

(e ) )

0.—{ TrE-1 -
= , ifp? =4
respectively.
Note that
Gn = pOn. (2.7)
and
i | e (v =)+ (o= Vi =)) i
el . ifp?=4
and
o (N e N R DI

20, , ifp? =4
From the last two equalities, we see that
Gn={ nH, , ifp’=4 (2.8)

and
On:{%Hn , ifpt=4

Next, we give the ordinary generating function > W,a" of the sequence {W,, }.

n=0
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Lemma 2.1. Suppose that fw, () = ioj Wya™ is the ordinary generating function of the generalized

n=0

p-Oresme sequence {W,, },>0. Then, > Wy,z" is given by
n=0

Zann — 2 x Woj- (szl — WS)UC
o Tc—p°z+p

Proof. In Lemma 1.3, take r = 1,s = —pig, O

The previous Lemma gives the following results as particular examples.

Corollary 2.2. Generated functions of modified p-Oresme, p-Oresme-Lucas and p-Oresme numbers
are

> AN
Gnﬂ,’n = 2 B 20
70 ¢ —pT+p
et 2

2 —
Zan" - 2p(2 2 27
n=0 = —pr+p
oo P
Zonl’n = ) B 2
n=0 e =p I—'—p

respectively.

Proof. In Lemma 2.1, take W,, = G, with Go = 0,G; = 1, W,, = H,, with Hy = 2, H; = 1 and
W, = On With Og = 0,0, = %, respectively. O

3 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F’,}, namely,
Fop1Fy oy — F2 = (—-1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.

This can be written in the form

Fn+1 Fn o (71)71,
Fn anl B '

The following theorem gives generalization of this result to the generalized p-Oresme sequence

{Wn}nzo-

Theorem 3.1 (Simson Formula of Generalized p-Oresme Numbers). For all integers n, we have

Wn Whn 1
W::l W1 = (p2W12 + VVO2 _p2W0W1)' (31)

_—ﬁ

1

Proof. For a proof of Eq. (3.1), see Soykan [14], just take s = —52- 0
The previous theorem gives the following results as particular examples.

Corollary 3.2. For all integers n, modified p-Oresme, p-Oresme-Lucas and p-Oresme numbers have
the following properties:

Gpi1 Gn R
Gn Gn_1 - p2n—2
Hn+1 H, _ p2 -4
H, H, 1 h p2”
On+l On _ ;1
On On—l - p2”
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respectively.

4 SOME IDENTITIES

In this section, we obtain some identities of generalized Oresme, modified Oresme, Oresme-Lucas
and Oresme numbers. First, we can give a few basic relations between {W,,} and {G..}.

Lemma 4.1. The following equalities are true:

W, = p'(=@" = YW1+ (p* = 2)Wo)Gria — p*(—p° (> — 2)W1 + (p" = 3p” + 1)W5) G 1)
W, = p(=p*Wi+ (@ = D)Wo)Gnis +p°((p° = )Wi + (2 — p*)Wo)Grpo,
Wn = p2(Wo - Wl)Gn+2 + (p2W1 + (1 - ]?Q)I/V())GYTLJA7
Whn WoGn+1 + (W1 — Wo)Gha,
Wn - WlGn - K;Gn*h
p
and

(—p° WP = W5 + " WoW1)Gn = p°((p° — Wi — Wo)Wara — p* (0% (p° — 2)Wi + (1 — p*)Wo)Wys,
(=p° Wi = W5 +p"WoW1)Gn = p'(p° Wi — Wo)Wars + p' (1 — p*) Wi + Wo) Wiy,

(=p* Wi = WG + p*WoW1)Gn P WiWaia + p*(Wo — p*W1)Was1,
( )
( )

_p2W12 - VVY()2 +p2W0W1 Gn p2WOWn+1 - p2W1 Wn7
—pPWE = WG+ p*WoWh)G,, = p°(Wo — W)W, — WoWy_1.

Proof. Note that all the identities hold for all integers n. We prove (4.1). To show (4.1), writing
Wyn =a X Gn+4 + b x Gn+3
and solving the system of equations

Wo = axGs+bxGs
W, = a><G5+b><G4

we find that a = p*(—(p? — 1)W1 + (p* — 2)Wo), b = —p2(—p*(p? — 2)W1 + (p* — 3p*> + 1)Wy). The
other equalities can be proved similarly. O

Note that all the identities in the above Lemma can be proved by induction as well.
Next, we present a few basic relations between {H,,} and {W,}.

Lemma 4.2. The following equalities are true:

P —OW. = p'O* (" —3Wi — (p" — 4p” + 2)Wo) Hupa + p* (—(p" — 4p° + W1 + (p" — 5p° +5)Wo) Hpys
P =W, = p((pP* —2Wi + (38— p*)Wo)Huys +p°(—p° (> — 3)Wi + (p* — 4p” + 2)Wo) Ho 2

P =W, = p’(O°Wi+ (2—p")Wo)Hniz +p*((2—p*)Wi + (p* — 3)Wo) Hnta

P =YW, = p’@Wi— Wo)Hnir + (—p" Wi + (p° — 2)Wo)Hy

(P =W, = (Wi —2Wo)H, + (Wo —2W1)H, 1
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and
PPWE +W§ — p"WoWi)H, = p*(p°(p° — 3)W1 + (2 — p*)Wo)Wara — p*((p* — 4p° + 2)W1 + (3 — p°) Wo) Wags,

(

(P*WE + W5 — p"WoWh)Hy, —p (2 = PYWi + Wo) Wiz — p*(p° (p* — 3)W1 + (2 — p*)Wo) Wy,
(P°Wi + W5 — p"WoWh)H, P2(p* Wi — 2Wo) Wy — p*((p° — 2)Wh — Wo) W1,
(
(

PPWE +W§ — p*WoWi)H, P> (2Wh — Wo) W1 — (p° Wi — 2Wo) W,
PPWE+ W3 —p"WoW1)Hy = (0°Wi— (0> — 2)Wo)Wy + (Wo — 2W1) W1

Now, we give a few basic relations between {W,} and {O,}.

Lemma 4.3. The following equalities are true:

Wo = p°((1—p)Wi+ (p° — 2)Wo)Onsa +p*(0° (0 — 2)W1 — (0" — 3p° + 1)Wo)On s,
W, = p’(=p"Wi+ (p* = DWo)Onys +p°((p° — 1)Wi + (2 — p*)Wo)On2,
W, = p’(Wo—Wi)Oni2 +p@ Wi+ (1 - p*)Wo)Oni1,
Wn = pWoOns1 + p(W1 — Wy)On,,
Wn = leOn - %Onfl,
p
and

(P*WE + W5 = p*WoW1)On = —p°((p° — YW1 — Wo)Wasa +0°(0°(p° — 2)W1 + (1 — p*)Wo)Wys,
(P°WT + Wg — p*WoW1)O,, —p? (p*W1 — Wo)Wass — p°((1 — pP)Wi + Wo)Wyia,

(P*WE + W3 — p*WoW1)On — Wi Wyio + p(p° W1 — Wo) Wy,
( )
( )

PPWE + W3 —p"WoW1)On = —pWoWai1 + pWi W,

1
PWE WS =g WolW1)On = p(Wa = Wo)Wa o+ S oW,
Next, we present a few basic relations between {G,.} and {H.. }.

Lemma 4.4. The following equalities are true:

p’Hy, = p°(p° —3)Gnia—p' (0" — 4p° +2)Grys,
p°Hn p'(p° — 2)Grys — p* (07 — 3)Gnio,

szn = p4Gn+2 - p2 (p2 - Q)Gn-‘rh
p2Hn = 2p2Gn+1 _pQGm
p2Hn = p2Gn - 2Gn717
and
P =G = p°(p* = 3)Hpra—p'(p" — 4p* + 2)Hpys,
P -G, = p'(p* —2)Huys — p* (0" — 3)Huso,
(p° —4)Gn = p*Hui2+p°(2—p*)Hpy1,
(p* —4)Gn = 2p°Hny1 —p°Ha,
(p* -G, = p°H,—2H, ;.

Now, we give a few basic relations between {G,} and {O,.}.

10
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Lemma 4.5. The following equalities are true:

p’On = —p°(p° — 1)Gnya +0°(p> — 2)Gnys,

p°On = —p°Guys+p°(p° — 1)Gnsa,

szn = —pSGn+2 + P3Gn+l7
pOn == Gn,

and

G, = —p5 (p2 — 1)On+4 + p5 (p2 - 2)O7L+37
Gn = _p50n+3 + pg(p2 - 1)On+27
Gn = —p°Ons2+p°Ony1,
Gn = pO,.

Next, we present a few basic relations between {H,,} and {O,}.
Lemma 4.6. The following equalities are true:

Hy = p°(p° —3)Onta —p*(p* — 4p° +2)Onys

Hy = p*(p° —2)Onys —p*(p° — 3)Ony2

Hy, = p°Ont2—p(p® —2)On

H, 2pOn+1 — pOn

H, = pO,— gOn_l

p
and

(P’ =400 = P°(0° —3)Hnra —p°(p" — 4p° + 2)Hnys,
P’ =40, = p’(0° —2)Hnys —p° (p” = 3) Huyo,
(p* —4)0n = p’Hnya —p(p® — 2)Hnsa,
(p2 —4)On = 2pHpy1 —pHay,
(p* —4)0, = pH,— %Hn_l.

We now present a few special identities for the generalized p-Oresme sequence {W,,}.

Theorem 4.7. (Catalan’s identity of the generalized p-Oresme sequence) For all integers n and m,
the following identity holds:

(0B)" " (o — B »

Wt W, W2 = (a—fB)° (W — BWo) (Wi +aWy) , ifp° #4
n+m n—m n — —

—m? ()" (AWE + W§ — AW Wh) =4

Proof. Use the identity (2.3). O

As special cases of the above theorem, we have the following corollary.
Corollary 4.8. For all integers n and m, the following identities hold:

(a)
_W((p+\/p2—4)m—(p— p2—4)m)2 , ifp?#£4

Gn+mGn7m7G$L =
—4m2 (%)2’” ’ pr2 =4

11
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(b)
H H - H; = ?%Iﬁn((p—f—\/m)m_(p_\/m)rn)Q , ffpz#él
ntmHn—m 2 O Nie
(c)
OnsmOn-m—03 = _W(p?—éi) (QRG ‘2:‘:): —(e-vE)") /:fp2 #4
—m? (%) 2 . ifpt=4

Note that for m = 1 in Catalan’s identity of the generalized Oresme sequence, we get the Cassini
(Simson) identity for the generalized p-Oresme sequnce.

Theorem 4.9. (Cassini’s identity of the generalized p-Oresme sequence) For all integers n, the
following identity holds:

1
W1 W1 = Wy = fﬁ(ﬁwf + W5 — p*WoW).

As special cases of the above theorem, we have the following corollary.

Corollary 4.10. For all integers n, the following identities hold:

1
(a) Gn+1Gn71 — G% =3
2
p°—4
(b) Hn+1Hn71 - H721, - p2n
-1

(C) On+10n_1 — OZ = p2" .

The d’Ocagne’s and Gelin-Cesaro’s identities can also be obtained by using the identity (2.3). The

next theorem presents d’Ocagne’s and Gelin-Cesaro’s identities of generalized p-Oresme sequence
{W,.}.

Theorem 4.11. Letn and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
— a5 (W1 = fWo) (W1 — aWy) (@™ B" — o™ ™) ifp® # 4
- _ +5 (W 0) (W1 0 ;
Woni1We = W Wy { “2 o () (Wo — 2Wh)° . ifp? = 4

(b) (Gelin-Cesaro’s identity)

" 2y, — - A ifp® # 4
WosaWniaWn \Wa o — WE =1 @57 (W1 aW;)z (W1 —BWo) A1, / p°#
- (5™ A , fp?=4

where

A = (—(a2 + 82 + 3045)(042" + 62”)504 + (a4 + 8% + 4028% + 2a8° + 2a3ﬁ)5”a")W12 +
Oé,@(—(OéQ + 62 + 30[ﬂ)(0{262n +a2nﬁ2) + anﬂn(azl +54 +4O¢252 + 204ﬂ3 + 2a3ﬂ))W02 +
(2aB(a? + 5 +3aB) (@B + " B) — a"B" (a+ B) (" + 5 + 40?52 + 2a8° + 2a°5)) Wo W1
and

Az = 16(5n°—4)Wi'+(5n* —10n+1) Wy —16 ((10n> — 5n — 8)) WoW{—4 ((10n* — 15n — 3)) Wi Wi+

4(30n2 — 30n — 19)WEW?L.

12
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Proof. Use the identity (2.3). O

As special cases of the above theorem, we have the following three corollaries. First one presents
d’Ocagne’s and Gelin-Cesaro’s identities of modified p-Oresme sequence {G,.}.

Corollary 4.12. Letn andm be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

——L— (amp" —a"p™) , ifp® #4
Cri1Gn — GGy = 4 Vo1
+1 +1 { _2—m—n+1 (m _ T'L) , pr2 =4

(b) (Gelin-Cesaro’s identity)

1 4 1 2 n n\2 if o2
GotaGonsr GG oG = | =i (01 + 0 a0 = (P4 1) (" +87)7) -, ifp” 24
—274 (5n% — 4) , ifp? =4

Second one presents d’Ocagne’s and Gelin-Cesaro’s identities of p-Oresme-Lucas sequence {H,}.

Corollary 4.13. Letn andm be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

274 m n n m H
HysrHy — HypHpy1 = E—(amp" —a"g™) , ifp*#4
0 , ifp?=4
(b) (Gelin-Cesaro’s identity)
__L g ifp* #4
HousoHpp1HoorHyoo — Hy =~ p2o2" 0 0P
0 , ifp =4

where

0= ((7 (p2 + 1) (a2n+ﬁ2n)+(p4 _ 2p2 + 22 p72n)+4(7 (p2 + 1) (a2ﬁ2n+a2nﬁ2)+p72n72(p47

2p” +2)) +22(0° + 1) (af*" + ™ f) —p~*"(p" — 2p” + 2))).
Third one presents d’'Ocagne’s and Gelin-Cesaro’s identities of p-Oresme sequence {O,,}.
Corollary 4.14. Letn andm be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

- AT DN

Om+10n - Om0n+1 - pvpPT — 1
—27m=H (1 — ) - , ifp* =4

p

(b) (Gelin-Cesaro’s identity)

1 n n n n
| @ % 207 - 0t DT+
On+20n+10n710n72_0n — B \ . 1
—p it (5% ) — 7
p

13
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5 ON THE RECURRENCE PROPERTIES OF GENERALIZED
P-ORESME SEQUENCE

Takingr =1,s = ,p% in Theorem 1.1 (a) and (b), we obtain the following Proposition.
Proposition 5.1. For n € Z, generalized Oresme numbers (the case r = 1,s = —p% ) have the
following identity:
W_, = —p%(Wn - HnWO)
2n
p

- p?WiE + W§ — p?WoW,y (p2(2W1 ~ Wo)WoWni1 — (p2W12 - WOZ)W”)
From the above Proposition, we have the following corollary which gives the connection between the
special cases of generalized p-Oresme sequence at the positive index and the negative index: for
modified p-Oresme, p-Oresme-Lucas and p-Oresme numbers: take W,, = G,, with Go = 0,G1 = 1,
take W,, = H,, with Hy = 2, H; = 1 and W,, = O,, with Oy = 0,07, = %, respectively. Note that in
this case H,, = H,.

Corollary 5.2. Forn € Z, we have the following recurrence relations:

(@) modified p-Oresme sequence:

G = —p"Gn
- 271\/1)%((%\/17)71(19 p274)n) , ifpr#£4

2n ifr2 —
*zni_lp s pr =4

(b) p-Oresme-Lucas sequence:
H., = p™H,
= B (e (o)

(¢) p-Oresme sequence:

Ofn - _p2nOn
T ((p+/EoA) - (o P o)) L P #4
B 2V —d (<p _pn 3n1 (p ' ) ) 'fpz_
2n—1p ’ Ip _4

6 THE SUM FORMULA " 251V,

In this section, we present sum formulas of generalized p-Oresme numbers. As special cases of m
and j in Theorem 1.2, we obtain the following proposition.

Proposition 6.1. For generalized p-Oresme numbers, we have the following sum formulas:
(@ (m=1,j=0)

If —p*x 4 p* + 22 £ 0, i.e.,x#%p(er \/p274),:c7é%p(pf\/p274),then

Z": S )" W, + 2" P Wy + pPWo + p2(Wh — Wo)z
Pt (=pPz +p* +2?)

)

14



Soykan; AJARR, 15(7): 1-25, 2021; Article no.AJARR.74548

and

if—p’z+p> +a>=0,ie,z=1p (p+ \/m) ore=1p (p_ m) then

ika _ ((z=p°)n+2z —p*)a" Wy + (n+ 12" W1 + p° (W1 — Wo)
= (2z —p?)

(b) (m=2,j=0)
lf2p*z—pz+p*+a2* #0, ie, z # Lp? (p2 -2+ py/p? — 4) T # 5p° (p2 —2—py/p?— 4) ,

then

ika b= (= + 2p2 - p4):rn+1W2n + 2" Wa, o +p2(p2$W1 + (z— p2$ +P2)Wo)
— 2 (I2 + 2p2$ _ p4I + p4) 5

and
if2pta—piatp'+at = 0,ie, 0 = 1p* (p? =2+ py/p? —4) ore = 3p* (7 =2 - p/p? — 4),
then

S gty = (20 =Pt 204 2 = )" W + (04 Da"Wanoa + 1 (0 Wi = Wo(p? ~ 1)
L 2k — (2:C + 2p2 71)4) .
(© (m=2,j=1)

lf2pPe—pia+p'+a® £ 0 ie,a # b (P =24+ pVi? —4) 2 £ 3p° (0 — 2 pv/P7 — 1),

then

imkw% 1= (x +2p* = p")a" Wang1 + " Wan_a + p*((z + p*) Wi — aWo)
=0 ’ (22 + 2p2x — pla + p*) ’

and
if2p’a—p'a+p'+a® = 0,ke.a = 3p* (0° = 2+ pv/p? —4) ora = 3p* (* — 2 pv/p? —4) |
then

im’“w A (G 2p° — p*)n + 2 4 2p* — pH) 2" Wani1 4 (n+ 1)z Wan_1 + p* (W1 — Wo)
k=0 o (2z + 2p? — p%) :

(d) (m=-1,7=0)

If_p2m+p2m2+17é0’i'e"m7éﬁ(p+\/m)’$7éﬁ(17—\/m),then

St W = e T W1 +p(x — D" T W, — pPaWi + W
- —p?z + p?a? + 1 ’

and

I.f—pr—i—p?I?-i,-l:O7 i_e,,x:% (p+ \/Zm) orr = % (p—\/m),then

}n: by = Pt DE"Wonia +p* (@ = D+ 22 — 1) 2" W — p’ Wi
xr k= .
k=0

2p2z — by

(e) (m: —2,j= 0)
If2p2$—p4x+p4x2+1 7é O, i.e., xT # ﬁ (p2 -2 +p\/m) T # ﬁ (pQ _9 _p\/m) 7

then

Zn:-TkW _ p4$"+1W—2n+2 +p2(p2x _ p2 + 2)$n+1W72n _ p4:cW1 + (p2m + 1)Wo
k=0 . ptz? — ptx + 2p2x + 1 ;

15
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and
if2p*c—piz+pz®+1=0,ie,z = 2"% (p2 — 2+ py/p? — 4) orx = ﬁ (p2 —2—py/p?— 4) ,
then

i W = PO A DT Woonis + (0% = p* + 20+ 2% — p* + 2)2" W20 — P’ W1 + Wi
k=0 - (2p2z —p? +2) .
() (m=-2,j=1)

If2p*z—piz+pia®+1#£0,ie., x # ﬁ (p2 — 24+ py/p?— 4) , T F# ﬁ (p2 —2—py/p?— 4) ,
then

o Pl Woonis + p°(pPx — p° +2)a" M Wogn i1 + (p%z — pz + )Wi + p°zWo
Zm W_ogpt1 = 12 1 2 )
= pix? —plx + 2p2x + 1

and
if2p?x—p*etpte®+1=0,ie,z = 2}'% (p2 — 2+ py/p? — 4) orx = ﬁ (p2 —2—py/p?— 4) ,
then

& PA(n+ D)z"Wosnys + (P*z — p* + 2)n + 2p%z — p° + 2)a" Wooni1 — Wi(p® — 1) + Wo
Zm W_oky1 = (2p%z — p? + 2) ’

k=0 p T —p

Proof. Taker = 1,s = —% and H,, = H, in Theorem 1.2. Note that the sum formulas for the
D

case p = 2 is given in Soykan [6]. O
From the above proposition, we have the following corollary which gives sum formulas of modified
p-Oresme numbers (take W,, = G,, with Go = 0,G1 = 1).
Corollary 6.2. Forn > 0, modified p-Oresme numbers have the following properties:
(@ (m=1,j=0)

If—p?xc +p>+ 2> #0, ie,x # %p (p—|— \/ P2 —4) , X F %p (p— v/ p? —4) , then

Sy - P G 0 G
2 (PP +p7 + ) ’

and
if—p*z+p>+22=0,ie,z= %p (p—|— \/p? —4) orx = %p (p— \/p? —4) , then

ika ((z=p°)n+2z—p*)a"Gn+ (n+ 1)2"Gno1 + p°
k= .
= (2z —p?)

(b) (m=2,j=0)
If2p*c—plz+p'+a® £0, e,z # 3p° (p2 —2+4p\/p? - 4) L # 3p? (p2 —2—-py/p?— 4) :

then
Z 2F Gy, = (x +2p® — p")a" T Gaon + 2" Gon_a + ptz
2 (2 + 2p?z — piz + p) )
and
ifop*e—pia+pi+a® =0, ie,x = %pz (p2 — 2+ py/p? — 4) orr = %PQ (p2 —2- p\/lm) )
then

i ey = 207 = pn o+ 2 4 2% — pa"Gan + (04 1)a"Gan 2 + '
k=0 ’ (2z + 2p% — p%) :

16
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() m=2,j=1)
If2p*c—p'z+p*+a® £0, e,z # 3p° (p2 —2+4p/p? — 4) Lz # 3p? (p2 —2—-py/p? - 4) ,

then
zn: o Gaprr — (x4 2p> — p" )" ' Gongr + 2" Gano1 + P (p° + 2)
= i (22 + 2p°z — p*a + p*) ’
and
if2p?c—piz+pi+a® =0,ie,x = %pQ (p2 — 24+ py/p? — 4) orx = %pz (p2 —2—py/p?— 4) ,
then

zn: 2 Coprs = ((x +2p° — pn+ 22+ 2p° — pHa"Gant1 + (n + Dz"Gan_1 + p°
= (22 +2p° — ph) '

(d) (m=-1,j=0)

If —p?x + p*2® + 1 # 0, i.e.,m;éﬁ(p—|—\/p2—4),x#ﬁ(p—\/p?'—él),then

zn:ka - p?r" MG 1 + 9% (x — D" G, — pPz
— - *p2$ +p2$2 +1

)

and

if —p?c +p’z? +1=0,ie,z= ﬁ (p—|— \/ P> —4) orx = % (p— \/p? —4) , then

ika . p’(n+1)z"Gpi1 +9° (. — Dn + 22 — 1) 2" G—,, — p?
k=0

2p2x — b1

If2p?z—piz+pia®+1#£0,ie., x # ﬁ (p2 — 24 py/p? — 4) , X # ﬁ (p2 —2—pyp?— 4) ,

then
Zka _ P G gnge + PP (0% — PP 4 2)2" G o — pla
P —2k pia? — piz + 2p2x + 1 ’
and
if2p*c—piz+pz®+1=0,ie,z = 2"% (p2 — 2+ py/p? — 4) orx = ﬁ (p2 —2—py/p%— 4) ,
then

—~ & PP+ 12" Gozniz + ((PPz — p° + 2)n + 2p°x — p° + 2)2" G2y — P°
ZCL‘ G72k = .
(2pz — p* +2)
k=0
M) (m=-2j=1)
If2p?c—pz+p*a?+1+£0,ie., c # ﬁ (p2 — 24 p\/p? — 4) , X # ﬁ (p2 —2—py/p?— 4) ,

then

)

Zn: Gy = PTG oznis + P (PP — p* + 22" Goanin + Pz —plz 4 1)
— TRk pix? — plx +2p%2x + 1

and
if2p?c—piz+pia®+1=0,ie., z = 2}% (p2 — 2+ py/p? — 4) orx = 2"% (p2 —2—p\/p? — 4) ,
then

L _ p2(n +1)z"G_2ny3 + ((p2x —p? 4+ 2)n + wie — p? + 2)x"G_ont1 + 1 — p?
ZCE G—2k+1 = > > .
Pt (2p*x — p* +2)

17
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Taking W,, = H, with Ho = 2, H; = 1 in the last proposition, we have the following corollary which
presents sum formulas of p-Oresme-Lucas numbers.

Corollary 6.3. Forn > 0, p-Oresme-Lucas numbers have the following properties:
(@ (m=1,j=0)
If—p?c+p*+22#£0,ie,z # %p (p—i— v/ p? —4) ,r # %p (p— \/p? —4) , then

"L (z — p2)x"+1Hn + 2" H, 1+ 2p% — px
E x Hk = ,
= (—p*z +p* + %)

and

if—p’x+p*+22=0,ie,x= %p(p—}— \/m) orz = %p(p—«/p2—4>,then

Zka ((z—p*)n+2z —p*)a"Hp + (n+ 1)a"Hny — p°
k = .
k=0 (2z —p?)

(b) (m=2,j=0)
If2p*z—p*z+p*+a® #£0,ie, x # 3p° (p2 —2+4py/p? — 4) LT # 5p? (p2 —2—py/p? - 4) ,

then
i o Hy = 2p% — p*)a" M Hap 4 2" Hopo + p* (20 — p°x + 2p?)
P (22 + 2p2z — piz + pt) ’
and
if2p*z—p*z+p*+a® =0,ie,x = 1p? (p2 — 24 py/p? — 4) orz = 3p? (p2 _9_ p\/lm) 7
then

ika% _ ((x +2p° — pMn + 2z + 2p® — pY)a" Hap, + (n + 1)z Hap—o — p>(p* — 2)
k=0 (QI +2p? — p4)
If2p*e—pia+p*+a? £0,ie,x # %pz (p2 -2 —&-p\/m) , T # %p2 (p2 -2 —p\/m) )

then

)

iiUngk 1= (.’E + 2p2 _p4)xn+1H2n+l + $n+1H2n_1 —p2(x _p2)
k=0 i (I2 + 2p21~ — p4l’ + p4)

and
if2p*z—plz+p*+a® =0,ie, x = $p (p2 -2 +p\/m) orz = ip® (p2 -2- P\/Im) )
then

zn: P Hypy = (B 2p? — p*)n + 2z + 2p* — p*)x" Hony1 + (n + 1)z Hapo1 — p?
k=0 ’ (22 + 2p2% — p*) :

(d) (m=-1,7=0)

If —p?z + p*2® +1 #0, i.e.,m;éﬁ(er\/]m),x;éﬁ(pf\/ﬂ),then

ika , = p2$"+1H—n+1 —|—p2($ — 1)3;’n+1H_n +2— pza:
e - x4+ pPr? o1 )

and

18
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if —p*z +p°z® +1=0,ie,z= 5 (p+ V2 —4) orz =5 (p— VP2 —4) , then

zn:wkH PP+ 1D)2"H i1 +p* ((z — D)n+2z — 1) 2" H_,, — p*
k=0 - 2p%x — by .

(e) (m=-2,7=0)
lf2p*z—p'a+p'a® +1#0,ie, 2 # 35 (p2 —2+py/p? — 4) T F g (p2 —2—py/p®— 4) :

then
i P H oy — pla" T H o0 + p?(Px — p? + 2)2" T H o, — ap 4 22p + 2
P - pix? — plax + 2p2z + 1 ’
and
ifop*e—pie+piaz®+1=0,ie,z = ﬁ (p2 — 24+ py/p? — 4) orr = # (p2 —2—py/p? — 4) ,
then

ika e P*(n+ 1)a" Hoonyo + ((p°z — p* + 2)n + 2p°x — p° + 2)a" H 9, + 2 — p°
2w @ — 12 12) '
f) m=-2,=1)
Ifop*e—ple+pc®41 £0,ie., z # ﬁ (p2 — 2+ py/p? — 4) , T F# # (p2 —2—py/p?— 4) ,

then

I

n & - p4mn+1H72n+3 +p2(p2x _ p2 + 2)$7L+1H72n+1 _ CL‘p4 + 3$p2 + 1
§ :$ H 11 = 1.2 1 2
ptax? —plx 4+ 2p2x + 1

k=0
and
ifep*c—piz+p*z®+1=0,ie,z = 27% (p2 — 2+ py/p? — 4) orx = ﬁ (p2 —2—py/p?— 4) ,
then

g pP’(n+1)a"H onys + ((p°z — p* + 2)n + 2p°x — p° + 2)a" H 911 +3 — p°
ZI H72k+1 = 5 > -
= (2p?z —p* +2)

From the above proposition, we have the following corollary which gives sum formulas of p-Oresme
numbers (take W,, = O,, with Op = 0,0; = 2).

P

Corollary 6.4. Forn > 0, p-Oresme numbers have the following properties:
@ (m=1,j=0)

If —p*x 4+ p* + 22 # 0, i.e.,x#%p(p—k \/p2—4),x7£%p(p—\/p2—4),z‘hen

S b0, < (=8 004 200y
= (—p*z +p* +2?)

)

and

if—p’x+p>+22=0,ie,xz= %p (p+ \/D? — 4) orx = %p (pf \/D? — 4) , then

ixko _ ((x - p2) n+2r — pQ)ann +(n+1)x"On-1+p
k=0 o (2z — p?) ’

19
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(b) (m=2,;=0)
If2p*z—p'z+p'+a® #0,ie, x # 5p° (p2 —2+4py/p? - 4) , T # 5p° (p2 —2—p\/p? - 4) ,

then
n n n
kao = (37 + 2p2 - p4)fL' +102n +x +102,,7,,2 +p3$
2 o b

=0 (22 + 2p%x — pla + pt)
and
if2pta—piatp'+at = 0,ie, 0 = 1p? (p? =2+ py/p? —4) ore = 3p? (p* = 2= p/p? — ),
then

Xn:ka _ (=+ 2p? — p*)n 4 22 4+ 2p* — pH)x" 02 + (N 4 )" O2p—2 + p?
= (2 + 202 — ) ‘

() (m=2,j=1)
If2p*c—plz+p*+a® £0, e,z # 3p° (p2 —2+4p/p? — 4) Lz # 3p? (p2 —2—p\/p?*— 4) 7

then
> " Ospqn = (z +2p* = p)2" 1 Ozps1 + 2" Onr + p(p* + )
= i (2 + 2p%x — p*x + p*) ’
and
if2p*z—plz+p*+a® =0,ie, x = $p (p2 — 24 py/p?— 4) orz = ip® (p2 —2—py/p?— 4) ,
then

< kO _ =+ 2p* — p")n + 22 + 2p® — pH2"O2pt1 + (N + 1)2"O2n—1 +p
Zx k41 = (225 22 = p) .
k=0

(d) (m=-1,j=0)

If —p?x + p?z® + 1 #£0, i.e.,x;éi(p+\/p2—4),x#%(p—\/p2—4),then

k pP’a" O pi1 +p*(x — D" O, —pa
E z°O_ =
_me + p2$2 + 1

)
k=0

and

if —p?z +p’2®> +1=0,ie,z= ﬁ (p—|— \/ P> —4) orx = i (p— v/ p? —4) , then

zn:ka _ p2(n +1)z"O_pi1 +p? (z=1n+2z-1)z"0_, —p
k=0 T 2p2x — by ‘

If2p?z—piz+pia®+1#£0,ie, x # ﬁ (p2 — 2+ py/p? — 4) ,x # ﬁ (p2 —2—py/p? — 4) ,

then
Zxko _ P20 ania + PP (PP — p? + 2)2" O _an — pia
P —2k pix? — pla + 2p2z + 1 ’
and
if2p?c—ple+pia?+1=0,ie., z = 2}% (p2 — 24+ py/p? — 4) orx = 2"% (p2 —2—p/p? — 4) ,
then

Zn ! _ PP+ 12" 0 anyo + (p*x —p° + 2)n+ 2p%z — p* +2)2"0 20 —p
x O_Qk = .
prt (2p*x — p* +2)
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M) (m=-2,j=1)
If2p?c—pz+pte?+1+£0,ie., c # ﬁ (p2 — 24 p/p? — 4) , T E ﬁ (p2 —2—p/p? — 4) ,

then
Zn: ‘o _ P 0 anss + 9P (PP — p* 4+ 2)2" T Oz + G (—ap” +ap® +1)
kioa: —2k+1 = pia? — pix + 2p%z + 1 ,
and
if2p?e—plo+pia®+1=0,ie,z = ﬁ (pQ _9 +p\/m) ore — ﬁ (p2 o p\/m) |
then
> ato PP+ 1)a" 0 suss + (%2 — p* + 2)n + 2p%2 — p* + 2)2" O—anir — L(p* — 1)
X — = .
k=0 o (2p%x — p? +2)

Taking = = 1 in the last three corollaries we get the following corollary.

Corollary 6.5. Forn > 0, modified p-Oresme numbers, p-Oresme-Lucas numbers and p-Oresme
numbers have the following properties:

1. modified p-Oresme numbers:

@ i oGe=—0"—1)Gn+Gn1+p
n ((=p"* +2p” + 1)Gan + Gon—2 + p*)
(b) Zk:o Gar = 2p2 +1
((=p* +2p* + 1)Gant1 + Gan—1 + p* (p2 + 1))
2p2 +1 ’

(€) >p_oGakt1 =

(d) Yr oGk =p*Gni1— 1"
" (p"'G-2n12 4+ 2p°G 20 — p*)
(€) 2k G2t = 202 + 1 '
4 2 2 _ 4
(p*G-2n43 +2p°G_2ny1+p° —p" +1)

() Sy Gooir = e .

2. p-Oresme-Lucas numbers:

@ >r_oHr=—(p"—1)Hy+ Hn, 1 +p°.
n ((—p* +2p® + 1) Hap + Hon—o + p*(p* + 2))
H- =
(b) > i_o Hok 22+ 1
((=p* +2p° + 1)Hani1 + Hap 1 — p°(1 — p°))
2p2 +1 '

(©) > i Hort1 =

(d) ShooHox=p"Honpr —p*+2.
4 2 4 2
H_9pn40+2p°H_2, — p~ 4 2p° + 2)
no g _ @
(€) > o H 2k 2p% +1
(p*H_on43 + 20°H_ony1 — p* + 3p> +1)

() Do Hozkpr = 2p2 + 1 '

3. p-Oresme numbers:

(a) ZZ:O Ok = 7(172 - 1)On + Opn-1+p.
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((=p* 4 2p* + 1)O2p, + Ogp—o + p°)
2p2 +1
((=p"* +2p° + 1)O2n11 + O2n—1 + p(»* + 1))
2p2 + 1

(b) ZZ:O Oz =

(€) >h_oO2k41 =

(d) ZZ:Q O_p = pQO—n+1 — P
n _ (p*O—2n42 + 2p*0O—2, — p°)
(e) Zk:o 07216 = 2p2 1 .
4 ) 2 1/ .4 2
(p*O-2n+3 + 20*O—2nt1 + 5 (—p* +p* +1))
2p% +1 :

(M) >k O—2kt1 =

7 MATRICES RELATED WITH GENERALIZED P-ORESME
NUMBERS

We define the square matrix A of order 2 as:

( Wlﬁl ) (7.1)

and

If we take W,, = G,, in (7.1) we have

)= ) )
= p (7.2)
( Gn 1 0 anl
We also define .
Gn+1 B Gn
B, =
Gn _p*Qanl
and 1
Wn+1 _72W7’L
C, =
Wn _p72 n—1

Theorem 7.1. For all integers m,n, we have
(a) B, =A"

(b) C1A™ =A"C4

(€) Croim = CnBm = BinCh.
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Proof. Take r = 1,s = —% in Soykan [[11], Theorem 5.1.]. O
p

Corollary 7.2. For all integers n and 0 # p € R, we have the following formulas for the modified
p-Oresme, p-Oresme-Lucas and p-Oresme numbers.

(@) Modified p-Oresme Numbers.
_ i " Gn+1 - Gn
ar— |t T ) = P
1 0 Gn Y an 1
p

(b) p-Oresme-Lucas Numbers. If p* # 4 then

1 n
a1 = _ 1 P’(2Hnt2 — Huy1)  —(2Hnq1 — Hy)
1 (1)) p2—4 p2(2Hn+1 — Hy) —(2Hn, — Hn—1) )’
and if p* = 4 then

- 1 0 - an _i(n - 1)Hn71 ’

(¢) p-Oresme Numbers.
n 1
1 _ i pOn+1 —_— On
A" = P2 — 1p
1 0 pOn - Onf 1
D
Proof.

(a) ltis givenin Theorem 7.1 (a).
(b) Note that if p*> # 4 then, from Lemma 4.4, we have

(p* —4)Gn =2p’Hpy1 — p*Hy,
and if p*> = 4 then, from (2.8),we have
Gn =nH,.

Using the last two equations and (a), we get required result.
(c) Note that, from (2.7) or Lemma 4.5, we have

Grn = pOy,.
Using the last equation and (a), we get required result. O

Theorem 7.3. For all integers m,n, we have

Wn+m = WnGm+1 - ]%anlG'mu (73)

Proof. Take r = 1,5 = —p% in Soykan [[11], Theorem 5.2.]. O
By Lemma 4.1, we know that
(=" Wi = W5 + p*WoWh)Gom = p"WoWmi1 — pWiW,
s0 (7.3) can be written in the following form

(= WE WG+ WoW) Wit = Wi (p> (Wo — W1) Wans 1 =WoWon )+ Wo 1 (—WoWmi1 +WiW,,).
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Corollary 7.4. For all integers m,n, we have

1
Gn+m = GnG'nH»l - EanlG'nu
1
Hn+m = HnGm+1 ]?anlG'md
On+'m = OnGm+1 - POn—IGm,

and

1
On+m = 5(p20n,0m+1 - OmOn—l)-

8 CONCLUSION

Sequences have been fascinating topic for
mathematicians for centuries. There are so many
studies in the literature that concern about special
second order recurrence sequences such as
Fibonacci and Lucas sequences, see for example
[15],[16],[171,[18],[19]. In this paper, we obtain
some fundamental properties of generalized p-
Oresme numbers. We can summarize the
sections as follows:

e In section 1, we give some background
about generalized Fibonacci numbers
and present a short history of Oresme

numbers.

In section 2, we define generalized
p-Oresme sequence and then the
generating functions and the Binet's
formulas have been given.

e In section 3, Simson formula of
generalized p-Oresme numbers are
presented.

In section 4, we obtain some identities
of generalized p-Oresme, modified p-
Oresme, p-Oresme-Lucas and p-Oresme
numbers.

In section 5, we consider generalized
p-Oresme sequence at negative indices
and construct the relationship between the
sequence and itself at positive indices.
This illustrates the recurrence property
of the sequence at the negative index.
Meanwhile, this connection holds for all
integers.

In section 6, we have written sum identities
in terms of the generalized p-Oresme
sequence, and then we have presented
the formulas as special cases the

24

corresponding identity for the modified p-
Oresme, p-Oresme-Lucas and p-Oresme
sequences. All the listed identities in
the proposition and corollaries may be
proved by induction, but that method of
proof gives no clue about their discovery.
We give the proofs to indicate how these
identities, in general, were discovered.

In section 7, we give matrices related with
these sequences (generalized p-Oresme,
modified p-Oresme, p-Oresme-Lucas and
p-Oresme sequences).
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